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One of the central issuesin psychologyconcernshow people
make choicesfrom sets of alternatives.In some casesmaking
choicesinvolvesa greatdealof deliberation,evento the point of
seekingprofessionaladviceandappointingsubcommitteesto as-
sessdifferent aspectsof a choice. However, most of peopleÕs
everydaybehaviorinvolvesselectionsof particularactionsout of
all thosethat arephysicallypossible,as they decidewhat to say
next, whetherto click on an option in searchingthe World Wide
Web (Fu & Pirolli, in press;Pirolli & Fu, 2003), or whetherto
switchthechannelonaTV set.TheÒselectionÓof actionsdoesnot
imply a consciousor deliberativeprocess.It simply refersto the
fact that if the individual follows oneparticularcourseof action,
thereare other coursesof action that he or shetherebyforgoes.
Suchchoicesare not uniqueto humans,eitherÑmany creatures
constantlymakesuchchoicesin foragingin the wild or choosing
amongoptionsin the laboratory.Our concernis with understand-
ing thesequick selections,typically madein lessthanonesecond,
that determinethe moment-to-momentcourseof peopleÕslives.
The ability to smoothlyand accuratelymakesuchdecisionsis a
majorpartof performingcomplexskills. Our interestarisesout of
the fact that the mechanismunderlying such decisionsplays a
major role in cognitive architectures,and we castour ideasin a
production-systemframework (Andersonet al., 2004; Meyer &
Kieras,1997a,1997b;Newell, 1990).Partof what is new is that
we incorporaterecentideasfrom researchon reinforcementlearn-

ing (e.g., Barron & Erev, 2003; Erev, Bereby-Meyer,& Roth,
1999; Gray, Sims, Fu, & Schoelles,in press;Holroyd & Coles,
2002;Houk,Adams,& Barto,1995,Sutton& Barto,1981),which
is concernedwith just thesetypesof decisions.

At the outset,we would like to stressthat there is a type of
decisionmaking to which our theory is not applicable.This is
decisionmakingthatis accompaniedby a time-consumingprocess
characterized by Òindecisiveness,vacillation, inconsistency,
lengthy deliberation, and distressÓ(Busemeyer& Townsend,
1993,p. 432). Rather,we are concernedwith the kind of quick,
nondeliberativedecisionmaking that builds up throughrepeated
exposuresto simplesituations.Although our theory is not appli-
cableto the overall time-consumingprocessinvolved in the pur-
chaseof a house, it might describe little componentsof the
purchaseof a house,suchasoneÕsdecisionto smilewhentalking
to a realtor or whetherone looks at the dining room first or the
living room.This is not to denythe importanceof the large-scale,
deliberativekind of decisionmakingor to denythattherearesome
outcomesin commonat the two timescales.However,this is not
the concernof the currentstudy; rather,our concernis with the
outcomeof a nondeliberative,statistical learning processover
manyexposuresto the sameor similar small-scaledecisions.We
discusshowthiskind of learningis centralto behaviorfrom simple
recurrentchoiceto complexskill learningshortly.

Therehavebeennumerousstudieson this kind of nondeliberate
choiceunderuncertaintyin the last 50 years.Studieshavebeen
conductedon humans,pigeons,rats,andothercreaturesto under-
standhow repeatedrewardsand punishmentsdeterminechoice
behaviorin varioussituations(seeMyers,1976;Vulkan,2000;and
Williams, 1988,for reviews).In a typical experimentalsetting,an
organismis askedto give repetitive responsessuch as button
pressingor key pecking.Responsesareintermittentlyrewardedor
penalizedaccording to a predefinedprobability. The recurrent
choicebehavioramongthealternativesis found to besensitiveto
the probabilities,the amount,andthe variability of reinforcement
(rewardor penalty)aswell asotherscheduleparameterssuchas
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the time delay before reinforcementis given. One of the chief
principles characterizingthe allocation of choiceshas beenthe
matching law (Herrnstein,1961) and the related but different
probability matching. Whereasprobability matchingrefersto the
generaltendencyto chooseanalternativea proportionof the time
equalto its probabilityof beingcorrect,thematchinglaw is more
specificin termsof themathematicalrelationbetweenthepropor-
tion of choicesand the proportionof the reinforcement.Specifi-
cally, the matchinglaw is characterizedas assertingthat under
steady-stateconditions,theproportionof choicesof analternative
is equalto the proportionof the total reinforcementallocatedto
that alternative.

Matching is often referredto asa molar measure,in the sense
that it is largely independentof the moment-to-momentbehavior
of the organismand is often reachedas a stableend stateunder
particular conditions of reinforcement.The matching law says
nothingabouttheindividualprocessesconstitutingthemolarmea-
sures.Recently,a good deal of effort hasgone into developing
molecularbehavioralprinciplesof the underlyingprocessor pro-
cessesto providea moment-to-momentexplanationfor recurrent
choice.On the one hand,psychologistshave conductedexperi-
mentsto identify a wide rangeof essentialpropertiesof recurrent
choice in animalsand humans,and specific modelshave been
constructedto provide explanationsof theseproperties.On the
other hand,recentadvancesof neurophysiologicalstudiesof the
basalgangliahave revealedimportant featuresof the reinforce-
ment circuitry responsiblefor reward-relatedlearning behavior.
Oneof thepurposesof this article is to build on previouswork in
thesedomainsby constructinga unified, molecularmechanism
that producesthe diverseset of recurrentchoice behavior.The
other purposeof this article is to extend this recurrentchoice
mechanismto explaintheacquisitionof complexactionsequences
in skill learning.

Reinforcementlearningis a processby which organismslearn
from their interactionswith theenvironmentto achieveagoalor to
maximizesomeform of reinforcement.Themaincharacteristicof
reinforcementlearningis theuseof a scalarreinforcementsignal1

that providesinformationaboutthe magnitudeof the ÒgoodnessÓ
of anactionin aparticularcontext.Recently,it hasbeenfoundthat
a reinforcementsignal is providedby the firing patternsof dopa-
minergicneuronsin responseto sensorystimuli andthedeliveryof
reward.Although much researchhasinvestigatedreinforcement-
learningmechanismsin neuroscienceandmachinelearning,to our
knowledge,no attempthasbeenmadeto testthecapabilityof the
mechanismto explaincomplexbehavioraldata.Theprimarygoal
of this article is to extend the scopeof this neurally inspired
reinforcement-learningmechanismto explaina breadthof recur-
rentchoiceandskill-learningphenomena.To achievethisgoal,we
identifieda representativesetof behavioraldatathathighlight the
major phenomenain the literature.We thentestedour versionof
the reinforcement-learningmechanismagainsttheseselecteddata
sets. We believe that our results will help to bridge the gap
betweenneurophysiologicalandpsychologicalresearchon recur-
rentchoicebehavior.By puttingtheconstraintsfrom variousareas
together,we hope to producean integratedtheory that explains
both recurrentchoiceandskill-learningbehaviorthat canbe im-
plementedin a cognitive architecturesuchas ACTÐR(Adaptive
Control of ThoughtÑRational;Anderson& Lebiere,1998).

Oneof themajor strengthsof thecurrentmodelis its ability to
learn in multisteprecurrentchoicesituations,in which reinforce-

mentis receivedafterasequenceof choiceshavebeenmade.From
our review of the literature,we found that previousresearchon
recurrentchoice has almost exclusively usedsingle-stepchoice
tasks(oneexceptionis theconcurrent-chainschedule;e.g.,Mazur,
2002)in which reinforcementis receivedaftera choiceis madein
a single context.Becausereinforcementis delayedin multistep
choicetasks,amajordifficulty is for theorganismto determinethe
critical choices,amongthe sequenceof choicesmade,that are
responsiblefor the delayedreinforcement.Indeed,this problem,
oftencalledthecredit-assignmentproblem, is centralto theacqui-
sition of complexactionsequencesin skill learning,in which one
must make a sequenceof action selectionsbefore feedbackis
received.Although numerousattemptshavebeenmadeto tackle
this problemin themachinelearningliterature,few attemptshave
beenmadeto directlystudyhowhumansor animalslearnto assign
credit or blame to different actions. We therefore designeda
generalskill-learning task that studiedhow humansubjectslearn
to acquirecomplexactionsequenceswith delayedfeedback.The
results allowed us to test how well the reinforcement-learning
mechanismcan scale up to account for skill learning. To our
knowledge,no existing psychologicalmodelshaveattemptedto
predictsuchsequentialchoicedata.

In theanimallearningliterature,mazelearningis a goodexam-
pleof amultistepchoiceproblem.Mazelearninghasalonghistory
in experimentalpsychology,and it has provided some of the
strongestevidencefor animalsÕability to adapt to the reward
structuresof complex environments.A numberof studieshave
shownthat ratsareskillful at learningto navigateto the locations
of food and other objects in complex mazes(e.g., OÕKeefe&
Nadel, 1978; Reid & Staddon,1998; Spence,1932; Tolman &
Honzik, 1930). Although part of the learning dependson the
developmentof ÒcognitivemapsÓ(OÕKeefe& Nadel,1978),there
is also evidencethat rats learn to associatedistinct cuesin the
environmentto specific turns in the maze (Hull, 1934). This
essentiallyinvolvesthe ability to apply the appropriateactionsat
differentpointsin time.Partof theknowledgeseemsto resultfrom
theability to associatecuesin theenvironmentto actionsthatwill
lead to some form of delayed reinforcement(Killeen, 1994;
Machado,1997;Reid & Staddon,1998),an ability that is funda-
mentalto the learningof mostcomplexskills (see,e.g.,Lewis &
Anderson,1985).A majorcontributionof this endeavoris to show
thatthereinforcement-learningmechanismthataccountsfor learn-
ing in simple recurrentchoice can be extendedto accountfor
learningin complexskills.

This article has two major sections.In the first section,we
developthe basisfor our reinforcement-learningmechanism.We
start with a brief review of the various properties of the
reinforcement-processing circuitry in the corticalÐbasalÐ
ganglionicloop, especiallythe relationbetweenthedopaminergic
signals in the basal ganglia and the temporal-differenceerror
signalsin reinforcementlearning.This hasservedasthebasisfor
a numberof recentproposals(see,e.g.,Holroyd & Coles,2002;
Yeung,Botvinick, & Cohen,2004).Then,we developthe prop-
ertiesof our learningmechanismson the basisof the ideasfrom
this circuitry, from the machinelearningliterature,and from the

1 A scalarsignal hasa single value and doesnot inform whetherit is
ÒgoodÓor ÒbadÓ;that is, it containsthe magnitudebut not the valence
information.
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experimentalpsychologyliterature.Our proposalwill be some-
what different from othersin order for it to work naturally in a
production-systemframework.

The secondsectionconsistsof various testsof our proposed
mechanisms.First we testthemagainsta diversesetof published
data.Researchon recurrentchoicebehaviorhasbeenstudiedfor
many years in a variety of procedures.To summarize,these
proceduresaredesignedto studytheeffectsof oneor moreof the
following four variables:the probabilitiesof receivinga reward,
themagnitudesof therewards,thevariabilitiesof therewards,and
the delayof the rewards.We selecteddatasetsthat arerepresen-
tative in illustrating the effectsof oneor moreof the abovefour
variables.We were particularly interestedin data that had been
modeledby othersand thosethat show not only the stableend
statesof choice allocationsbut also the learning trajectory that
leadsto theseendstates.Thesedatasetsallowedusto testwhether
themodelcouldexhibit themaineffectsof eachfactor,aswell as
any interactionsamongthem.We providea detailedcomparison
betweenour model and the existing modelsin the GeneralDis-
cussionsection.

ReinforcementLearning

TheBasalGanglia

Theproductionsystemin ACTÐR(Anderson& Lebiere,1998)
has been associatedwith the basal ganglia (Anderson, 2005;
Andersonet al., 2004) on the basisof the circuitry of the basal
gangliaandbrain imagingdata.Otherresearchershaveidentified
thebasalgangliawith reward-relatedlearning.Thishypothesishas
beensupportedby two important architecturalfeatures:(a) the
specializationof spiny neuronsin the striatumfor patternrecog-
nition computations(Houk,1995;Houk& Wise,1995)and(b) the
existenceof relatively ÒprivateÓfeedbackloops of connectivity
from diverse cortical regions that convergeonto those striatal
spiny cells, via the pallidum and thalamus,and lead back to the
frontal cortex(e.g.,Alexander,Crutcher,& Delong,1990;Amos,
2000;Kelly & Strick,2004).ThecorticalÐbasalÐganglionicarchi-
tecturecreatesa context-sensitiveinformation-processingsystem
that allows the striatum to instruct cortical areasas to which
sensoryinputs or patternsof motor outputsare behaviorallysig-
nificant (see Figure 1). Unlike neurons that learn through a

Hebbian-likemechanism,spinyneuronsarefound to receivespe-
cialized inputs that appearto containtraining signalsfrom dopa-
mine (DA) neuronsin the ventral tegmentalandsubstantianigra
region(Schultz,Dayan,& Montague,1997;Schultzet al., 1995).
Theavailability of thetrainingsignalsallowsmuchmoreefficient
learning,as dynamic information can be incrementallyobtained
from the environment.

Researchhas also found that when presentedwith reinforce-
ment,thestriatumappearsto becapableof orderingits responsein
accordancewith the valence(rewardor punishment)andmagni-
tude of the reinforcement(Breiter, Aharon, Kahneman,Dale, &
Shizgal,2001;Delgado,Locke,Stenger,& Fiez,2003;Yeung&
Sanfey,2004).For example,usinga gamblingparadigm,Delgado
et al. (2003) found that the striatum differentiatedbetweenthe
valence(a ÒwinÓor ÒlossÓevent)for both largeandsmallmagni-
tudesof rewardor punishment.In addition,a parametricordering
accordingto magnitudeof reinforcementwasobservedin the left
caudatenucleus:Activity of thestriatumwasthehighestwith large
rewards,followed by small rewards,and the lowest with large
penalties.Similarly, YeungandSanfey(2004),by measuringthe
event-relatedbrain potential during a gambling task, found two
distinctsignalsthatweresensitiveto therewardmagnitudeandthe
valencerespectively,suggestingthat rewardmagnitudesand va-
lencewereevaluatedseparatelyin thebrain.Theseresultsseemto
suggestthat valenceand magnitudeof reinforcementmay have
differential effectson choiceallocations.

Reinforcementinformation is believedto be carriedby dopa-
minergic signals to the striatum. The role of the dopaminergic
signals in the learning processwas once widely believedto be
signalingthe occurrenceof reward-relatedactivities experienced
by the organism.However,recentstudieson the role of dopami-
nergicsignalsshowthat theydo not simply reporttheoccurrence
of reinforcement.For example,Ljungberg,Apicella, andSchultz
(1992)andMirenowicz andSchultz(1994)showedthat the acti-
vation of DA neuronsdependsentirely on the differencebetween
the predictedandactualrewards.Oncean unpredictedrewardis
perceived,responsein DA neuronsis transferredto the reward-
predicting contextual patternsrecognizedby the striatum. In-
versely,whena fully predictedrewardfails to occur,DA neurons
aredepressedin their activity at exactlythetime whenthereward
would haveoccurred(Pagnoni,Zink, Montague,& Berns,2002;
Schultz,Apicella, & Ljungberg,1993). It thereforeappearsthat
outputsfrom DA neuronscodefor adeviationor errorbetweenthe
actual reward received and predictions or expectationsof the
reward.A simplified view2 is thatDA neuronsseemto befeature
detectorsof theÒgoodnessÓof environmentaleventsrelativeto the
learnedexpectationsaboutthoseeventsÑthatis, a positivesignal
is emittedwhentherewardis betterthanexpected,no signalwhen
the rewardequalstheexpectation,anda negativesignalwhenthe
rewardis worsethanexpected.The outputof the DA neuronsis
thereforeoften conceivedof as an error signal fine-tuning the
predictionsof future reinforcement.

A numberof researchers(Fu & Anderson,2004; Holroyd &
Coles,2002; Houk et al., 1995; OÕReilly,2003; Schultz et al.,

2 The time courseof the DA signalsis morecomplicated(seeFiorillo,
Tobler, & Schultz,2003,2005;Niv, Duff, & Dayan,2005).Becauseour
level of analysisis at theproductionlevel (i.e., approximately50 ms), the
complicationis obviouslyoutsidethe scopeof this article.

Figure 1. A simplified schematic diagram of the corticalÐbasalÐ
ganglionicfeedbackloop. SNc ! SubstantiaNigra parscompacta.
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1995,1997)haveassociatedtherole of dopaminergicsignalswith
theerrorsignalin analgorithmcalledthetemporaldifference(TD)
algorithm(Sutton& Barto,1998).SuttonandBarto(1981)showed
that althoughthe TD algorithm has its roots in artificial intelli-
gence,it canbe easily relatedto animal learningtheory. In fact,
mathematically,it can be considereda generalizationof the
RescorlaÐWagnerlearningrule (Rescorla& Wagner,1972)to the
continuoustime domain.Our learningmechanismis basicallyan
elaborationof theTD algorithmthat(a) makesit moresuitablefor
modelinglearningdataand(b) incorporatesit into a production-
systemframework.3 In whatfollows wedevelopourapplicationof
the TD algorithmstepby step.

SimpleIntegrator Model

The basicTD algorithmbelongsto a classof learningmodels
called simple integrator models (see, e.g., Bush & Mosteller,
1955).Thesimpleintegratormodelis a popularmodelthathasits
form in discretetimeasthefollowing, alsoknownasthedifference
learning equation:

Vi"n#! Vi"n " 1## a$Ri"n#" Vi"n " 1#%,

in whichVi(n) representsthevalueor strengthof someitem i (e.g.,
apairedassociate,stimulusÐresponsebond,or production)afterits
nth occurrenceand Ri(n) representsthe actualreinforcement(ei-
ther a rewardor a penalty) receivedon the nth occurrence.The
parametera (0 & a & 1) controlstherateof learning.Oneway to
look at themodelis thatthepredictionof thereinforcement,which
usuallyreflectsthestrengthof preferencefor aparticularresponse,
is updatedaccordingto the discrepancybetweenthe actualrein-
forcementreceivedand the last predictionof the reinforcement,
that is, Ri(n) ' Vi(n ' 1). This discrepancycanbe consideredas
an error signal, which drives the learning processthat aims at
minimizing the error signal;whenVi(n ' 1) ! Ri(n), the error is
zero,and learningwill stop.One appealingcharacteristicof this
learningprocessis that the feedbacktakesthe form of a scalar
valuewithout thevalenceinformationof ÒgoodÓor Òbad.ÓAs we
will showlater, this characteristicallows the modelto learnfrom
a continuousrange of outcomeswithout the requirementof a
ÒteachingsignalÓthat informs whetherthe actionsexecutedare
goodor not.

To understandthe dynamicsof the learningmechanism,con-
siderthesimplesituationwherea constantrewardR is receivedin
every time step.After t time steps,the expectedrewardcan be
shownto be Vi(n) ! R ' (1 ' a)t[R ' V(0)], whereV(0) is the
initial valueof V. The integratormodel thereforeapproachesthe
actualreinforcementvalueR with an exponentiallearningcurve.
The model, however,is quite limited as it dependsonly on the
previousexpectationandthecurrentreinforcement.In caseswhere
asequenceof actionsis madebeforereinforcementis received,the
effectsof reinforcementneedto bedistributedacrossthesequence
of actions. To solve this problem, we need a more general
algorithm.

TheTD Algorithm

The TD algorithmusesthe sameupdateequationasthat in the
simpleintegratormodel.However,the definition of Ri(n) is elab-
oratedto includeboththeimmediatereward,ri(n), andthevalueof
the next item i ( 1, Vi ( 1(n ' 1):

Ri"n#! ri"n## g"ti#Vi( 1"n " 1#.

Notethatthis equation(thediscountedrewardequation) usesn '
1 to denotethe valueof the next item beforeit is updated.In this
equationti is thetime lagbetweenitemi anditemI ( 1; g is called
the discount function that decreasesmonotonicallywith ti. The
farther away the future reinforcementis, the larger the discount
will beandthelessimpactthevalueof thenext item will haveon
the value of the current item. The expandederror term, Ri(n) '
Vi(n ' 1) ! ri(n) ( g(ti)Vi ( 1(n ' 1) ' Vi(n ' 1), is calledthe
temporaldifferenceerror.

Onequestionconcernswhat the form of g shouldbe. It canbe
shownthatthesufficientconditionfor R to beboundedis thatg is
a monotonically decreasingfunction of ti. In the original TD
algorithm(Sutton& Barto,1998),theexponentialfunctionis used
as the discountfunction. Although the exponentialfunction has
nice computationalproperties,researchershaveshown that it is
often incapableof explaining results from empirical studiesof
delayedreinforcement(Ainslie & Herrnstein,1981;Doya,Same-
jima, Katagiri, & Kawato,2002;Mazur,1984,1985,2001;Tade-
palli & Ok, 1998). For example,Ainslie and Herrnstein(1981)
comparedthe preferencefor a larger,later rewardwith a smaller,
sooner reward and studied how this preferencechangedas a
function of the delay to both rewards.They found that when the
delaywassmall,subjectspreferredthesmaller,soonerreward,but
as the delay increased,their preferencesreversedin favor of the
larger, later reward. It was found that the exponentialfunction
cannot predict the preferencereversal.On the other hand, the
hyperbolic function [g(t) ! 1/(1 ( kt)] predicts the preference
reversal.Furthersupportfor thehyperbolicfunctionwasprovided
by Mazur (1984,1985,2001)on animal choicebehaviorandby
LoewensteinandPrelec(1991)on humanchoicebehavior.These
studieshave shown that the hyperbolic function providesgood
descriptionsof choicebehavioroverextendedperiodsof time.Our
goal is to show how the discountfunction can be useful when
incorporatedin a moregenerallearningmechanismthatis capable
of predicting local responsepatternsin a wide rangeof choice
behavior.4

We canseethat this learningrule updatespredictionof future
reinforcementby takinginto accountboththefuturereinforcement
value and the time lag before the reinforcementis received.In

3 However,it is not specificto our ACTÐRtheory,nor indeedhasit yet
beenimplementedin the ACTÐRtheory.

4 It is worth noting that even if we make the discountingbetween
successiveitems correspondto the hyperbolic function, the discounting
acrossitems may not be hyperbolicand thus may not predict preference
reversalandthedelayÐamounttradeoffs.SeeRachlin(2000,pp.111Ð115)
for partial supportof this prediction.In general,if m itemsarerepeatedly
experiencedandthey arespacedat equalintervalst, thenasymptotically,

V1 ! !
k! 1

m

g"t#k' 1r"k#,

where V1 is the value of the first production and r(k) is the reward
receivedat the kth production.In the specialcasewhere no reward is
receiveduntil after them itemsarepresented,thenV1 ! g(t)m ' 1r(m) !
[1/(1 ( kt)]m' 1r(m). In this special case, the convergenceproperties
associatedwith thestandardexponentialdiscountingwill still be truewith
our hyperbolicdiscounting.
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general,the reinforcementwill havelessimpacton itemsthat are
farther away from it. This makespredictionsabout the order in
which a sequenceof choiceswill be learned.The choicecloseto
the reinforcementwill acquirevalue first, and then its valuewill
propagatebackto earlychoices.Theideaof this kind of backward
learninggoesbackat leastto the Hullian notion of goal gradient
(Hull, 1932). Hull statedthat the goal event, often the reward,
createsa ÒforcefieldÓthat establishesa temporalgradientrepre-
sentingthe distanceto the goal. For example,in maze-learning
experiments,the numberof errorsmadeby rats decreasedwhen
they were closer to the reward (e.g., Tolman & Honzik, 1930).
Similarly, thetheoryof reinforcementof Killeen (1994)statesthat
theeffectof reinforcementhasa Òmemorywindow,Ósuchthat the
reinforcementhasthe strongestinfluenceon the responseclosest
to the reinforcementandthe influenceon responsesfartheraway
from the reinforcementdecaysexponentiallywith time. A major
contributionof our model is to proposea mechanisticaccountof
how this kind of Òbackwardspreadof reinforcementÓmay influ-
encerecurrentchoicebehaviorand,subsequently,complexskill-
learningbehavior.

Implementinga Reinforcement-LearningMechanismin a
Production-SystemFramework

Sincetheir introductionby Newell (1973),productionsystems
havehada successfulhistory in psychologyastheoriesof cogni-
tion (Andersonet al., 2004; Anderson& Lebiere,1998; Klahr,
Langley,& Neches,1987).A productionis basicallya conditionÐ
actionpair,with theconditionsideof a productionrule specifying
the stateof the model (either internal cognitive stateor external
world state) and the action side specifying the action that is
applicableat thatparticularstate.Take,for example,thefollowing
two productions:

If the goal is to choosebetweenButton 1 andButton 2, thenchoose
Button 1.

If the goal is to choosebetweenButton 1 andButton 2, thenchoose
Button 2.

TheÒifÓsidesof theproductionsspecifythestatein which the
modelmustchoosebetweenButton1 andButton2, andtheÒthenÓ
sidesof the productionsspecifythe actionof choosingeitherone
of the buttons.In ACTÐR,eachproductionhas a utility value,
which influencesthe likelihood of executingtheproductionwhen
it matchesthe current state of the model. The executionof a
productionwill changethestateof themodelor theexternalworld,
which will leadto thenextsetof applicableproductions.Thenext
productionis then selectedand executed,and so on. Production
systemshavebeenappliedto explaina broadrangeof cognitive
phenomena,especially those that emergefrom combinatorially
complex tasks,such as studiesof problem solving or humanÐ
computerinteraction.As onecaneasilyimagine,thebehaviorof a
model dependscritically on the processof selecting the next
productions.In this section, we show how we implement the
reinforcement-learningmechanismsothatthemodellearnshowto
selectproductionsto maximizeits long-termreward.In subsequent
sectionswe will show how we can usethe samemechanismto
accountfor behaviorthat spansfrom simple recurrentchoice to
complexskill learning.

A number of production systems have incorporated
reinforcement-likelearning.More or lessstandardreinforcement
learninghasbeenusedfor operatorselectionin theSoararchitec-
ture(Nason& Laird, 2004).ACTÐR(Andersonet al., 2004)hasa
reinforcement-likelearningmechanismfor selectingamongpro-
ductions.However,noneof theprior theorieshavethesystemwe
proposehere,nor havethesesystemsaddressedthe rangeof data
of concernhere(althoughLovett, 1998,did addressoneof these
phenomenawithin theACTÐRframework).We assumea general
frameworklike that in ACTÐR,wherethe reinforcement-learning
mechanismappliesto productionrules and enablesthe selection
amongcompetingrules.Thefocuson learningthevalueof rulesis
part of a tradition in psychology that extendsfrom stimulusÐ
response(S-R) learning(andproductionrulescanbe seenas the
modern embodimentof S-R bonds) to connectionistlearning
(wheresynapsesaretheequivalentof S-Rbonds).Althoughmany
reinforcement-learningalgorithmstry to learnthe valueof states,
our proposalis similar to the learningof state-operatortransitions
in the Q-learningalgorithm (Watkins, 1989). In Q-learning,an
agenttries to learnthe valuesof actionsin particularstatesÑthat
is, it learnsthe value of stateÐactionpairs. The learning of the
valuesof productionsis alsoconsistentwith the notion that rein-
forcementaffects the environmentÐbehaviorrelation, not just a
response(Skinner,1938).

As in the aboveexample,in manychoicesituationsof interest
more than one production can be applied. Therefore,besides
calculatingthe valuesof eachproduction,we alsoneedto define
apolicy to selectamongtheproductions.Oneof themostcommon
policiesin reinforcementlearningis calledtheÒsoft-maxÓfunction
(see,e.g.,Sutton& Barto,1981),which, coincidentally,is alsoa
partof theACTÐRtheory.5 WeadoptedtheACTÐRformulationof
this soft-maxfunction, in which the productionwith the highest
value is selected,but thesevaluesare noisy. The noiseis added
from a normal-likelogistic distribution.Thus,the productionthat
will be selectedcanrandomlyvary from trial to trial. Thereis an
approximateanalyticequation(for details,seeAnderson& Leb-
iere, 1998,chap.3, Appendix A) that gives the probabilitiesfor
selectinganyproductionin a conflict setof competingrules.If Vi

is theevaluationof alternativei, theprobabilityof choosingthatith
productionamongn applicableproductionswith evaluationsVj

will be

exp"Vi /t#

!
j ! 1

n

exp"Vj /t#

,

wherethesummationis overthen alternatives.Theparametert in
theabovedistributionis relatedto thestandarddeviation,$, of the
noise by the formula t ! "6$/%. This equation (the conflict-
resolutionequation) is thesameastheBoltzmannequationusedin
Boltzmannmachines(Ackley, Hinton, & Sejnowsky,1985;Hin-
ton& Sejnowsky,1986).In thiscontextt is calledthetemperature.
This conflict-resolutionequationhas the property that as t ap-
proaches0, the probability of choosingthe productionwith the
highest value approaches1 (i.e., becomesdeterministic).As t

5 AlthoughACTÐRhasaverydifferentassumptionbehindtheuseof the
soft-maxfunction, the mathematicalform is basicallythe same.
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increases,the probability of choosing the production with the
highestvaluedecreases.The equationthereforeallows a balance
betweenexploration and exploitation by varying the value of
tÑthat is, it allows the model to exploreother alternativeseven
whenthosealternativesmay havelow utility values.The smaller
t is (andthe lessnoise),thestrongerwill bethetendencyto select
the maximum item. Note that the conflict-resolution equation
representsthe expectedlong-termbehaviorof the selectionpro-
cess.The actualpredictionsdependon Monte Carlo simulations.

We illustrateour algorithmin a simplemodelwith four produc-
tions that fire in cycles.During eachcycle,theproductionfires in
this sequence:P-Step1,P-Step2,P-Step3,and P-Step4.After
P-Step4is fired,arewardof 1 isreceived,andanothercyclebegins
by firing P-Step1.Figure2 showshow theexpectedvalueschange
with the reinforcement-learningmechanism.We usedthe param-
etersin this modelthatwereusedthroughoutthearticleÑlearning
ratea was.05anddelayed-rewardparameterk was.25.In Figure2
weassumea1-sdelaybetweeneachproduction,whichmeansthat
eachproductiondiscountsthe value of the next by 1/(1 ( .25 *
1) ! .8. After the 150 trials in Figure 2, the productionsare
reachingtheir steady-statevalues,which canbe expressedas

V1 ! .8V2 ! 0.512

V1 ! .8V2 ! 0.512

V2 ! .8V3 ! 0.640

V3 ! .8V4 ! 0.800

V4 ! 1.0 # .8V1 ! 1.00

V2 ! .8V3 ! 0.640

V3 ! .8V4 ! 0.800

V4 ! 1.0 # .8V1 ! 1.00.

Consistentwith thegoal-gradienthypothesis,Figure2 showshow
thereinforcementsignalpropagatesbackin timeanddiminishesas
it goesfartherawayfrom the actualreward.In later sections,we
provide further examplesthat show how the discountingof de-
layedrewardsexplainsskill-learningbehavior.

Testingthe MechanismAgainstEmpirical Data

We testedthe predictionsof the reinforcement-learningmech-
anismagainstseveralsetsof data.To highlight the propertiesof
themechanism,we presenttheresultsin threeparts.In Part1, we
chosedatasetsfrom simplerecurrentchoicesituationswheretwo
or more alternativesare chosenrepeatedlywith different proba-
bilities, magnitudes,andvariabilitiesof reinforcement.We aimed
at testingwhetherthecombinationof thebasicTD algorithm(with
propertiesof a simple integratormodel) and the choicerule (the
soft-maxfunction)is capableof exhibitingthesamesensitivitiesto
thethreemajormanipulationsof reinforcementashumansubjects.
In Parts2 and3, we testedaspectsof themodelthatarespecificto
ourversionof theTD algorithm.In Part2 wetestedtheassumption
of the hyperbolic discount function and how it predicted the
variouseffectsof the delayof reinforcement.In Part3 we tested
theprocessby which theTD algorithmpropagatescreditsbackto
earlier productionsand how it can accountfor skill-learning be-
havior.Throughoutthiseffort weheldall of thecritical parameters
in the theoryconstant:

Delayed reward parameter k ! .25

Learning rate a ! .05

Noise parameter t ! 1.00

The settingof the noiseparameterbasicallysetsthe scalefor the
values(and so really is not an estimatedparameter).The only
parameterswe estimatedto fit particulardatasetswerethereward
parameters(r) associatedwith variousoutcomes.Theseparameters
correspondto whattheexperimentermanipulatedandsowould be
expectedto vary from experimentto experimentandconditionto
condition.The initial expectedvaluesof all the productionswere
set to 0 at the beginningof the experimentsand changedas a
function of experience.In otherwords,we assumedequalprefer-
encefor all choicesa priori andfocusedon tasksthat showhow
preferenceschangeowing solely to the accumulationof reward
experiences.

Figure 2. The expectedvaluesof the four productionsthat fired in cyclesand receiveda rewardof 1 after
P-Step4was fired. The time for eachproductionto fire was 1 s. Learning rate (a) ! .05; delayed-reward
parameter(k) ! .25.
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Part 1: LearningFrom Differential Probabilities,
Magnitudes,and Variabilities of Reinforcement

In thefirst part,wefocusonthreefactorsin recurrentchoice:the
probabilities,magnitudes,andvariabilitiesof reinforcement.These
three factors cover most of the literature on recurrent choice
behavior(theotherfactor is thedelayof reinforcement,which we
discussin Part2). First, we selectedoneof the mostcomprehen-
sive datasetsby Friedmanet al. (1964) on how peoplelearn to
guesswhich of two alternativesoccursÑa paradigmcalledprob-
ability learning. Second,we selectedthe dataset by Myers and
Suydam(1964)thatmanipulatedthemagnitudesof rewardorthog-
onally with theeventprobabilities.Many publisheddatasetshave
shown the effects. We chosethesetwo data setsbecausethey
providedthemostcomprehensiveinformationon theexperiments
andthe data,especiallythe fact that they presentedboth learning
and asymptoticperformanceacrossa large numberof trials. In
addition,thesedatasetsweremodeledby others:The datasetby
Friedmanet al. wasmodeledby Lovett (1998),andthatby Myers
and Suydamwas modeledby Busemeyerand Townsend(1993)
andGonzalez-Vallejo(2002).Testingour modelagainstthesetwo
datasetsthereforeallowedadirectcomparisonamongmodels.For
example,we will showthat althoughLovettÕsmodelcanaccount
for thedatasetby Friedmanet al., it hastroublefitting thedataset
by Myers andSuydam.

We thentestedour modelin morecomplexsituationswherethe
payoffswerenot fixed. Weselectedthedatasetby Busemeyerand
Myung (1992) that showedhow peoplelearn to choosein situa-
tionsthatmeetwith a continuousrangeof outcomeswith different
probabilities.This dataset is particularlyproblematicfor models
thatrequireaÒtrainingsignalÓthatinformsthemodelto changeits
preferencesfor different options. We showed that our model
describesthe interestingpatternsof behavior,and we compared
our model with the adaptivenetwork model of Busemeyerand
Myung. Last, we selectedthe data set by Myers, Suydam,and
Gambino(1965)thatshowedthe interactioneffectsof differential
payoffs and event probabilities and how they influenced risk-
taking behavior.This dataset is from a classicstudy,and many
considerit a benchmarktest for existing models(e.g.,Barron &
Erev, 2003; Busemeyer& Townsend,1993; Gonzalez-Vallejo,
2002).In summary,thefour datasetsweselectedin Part1 showed
howourmodelaccountsfor theeffectsof themajormanipulations
of reinforcementin the recurrentchoiceliterature.

Probability Learning

A fairly direct form of choiceunderuncertaintyis the studyof
how peopleselectbetweenmultiple alternativeswith uncertain
outcomesand rewards.The simplestsituationis the probability-
learningexperiment,in which a participantguesseswhich of the
alternativesoccurs and then receives feedbackon his or her
guesses.We startwith the considerationof this paradigm,as the
changesin choice proportionsdirectly reflect how preferences
changewith reward experiences.Thus, it servedas one of the
basesfor the developmentof the current reinforcement-learning
mechanism.

In Friedmanet al. (1964), participantscompletedmore than
1,000choicetrialsoverthecourseof 3 days.Foreachtrial, asignal
light wasilluminated,participantspressedoneof the two buttons
presented,andthenoneof thetwo outcomelightswasilluminated.

Task instructionsencouragedparticipantsto try to guessthe cor-
rectoutcomefor eachtrial. Thetwo buttonsÕsuccessprobabilities
variedduring each48-trial block in the experiment.Specifically,
for theodd-numberedblocks1Ð17,theprobabilitiesof successof
thebuttons( p and1 ' p) were.50.For theeven-numberedblocks
2Ð16,p took on the valuesfrom .10 to .90, in a randomorder.
Thereforein thefirst block, thetwo buttonswereequallylikely to
be correct. Starting from the secondblock and in each of the
subsequenteven-numberedblocks,one of the buttonswas more
likely to be correct. There were 48 trials in each block, and
Friedmanet al. provided the mean choice proportionsof each
button in every 12-trial subblock.This allowed us to match the
learningof theeventprobabilitiesacrossthe48 trials in eachblock
(i.e., the four 12-trial subblocksin eachblock). We focuson the
analysisof the even-numberedblocks,as they showhow people
adaptedto the different outcomeprobabilitieswith experience.

Figure 3a shows the predictedproportion of choices in the
experimentby Friedman et al. (1964). Participantsin general
exhibited ÒmatchingÓbehaviorÑthat is, they cameto choosea
button approximatelyin proportion to its probability of being
correct.Across the four 12-trial subblocksin eachof the even-
numberedblocks,participantschosethecorrectbuttonin roughly
50% of the trials in the first subblockandapproachedthe corre-
spondingp valuesby thefinal subblock.This is calledprobability
matching.

Figure3b showstheproportionspredictedby themodel,which
hadfour productions:Prepare, Button1, Button2, andFinish. We
usevariationson this samemodelthroughoutthis section.Before
a trial starts,Preparefires,waiting for thetrial to begin.Thenone
of theproductions,Button1 or Button2, fires. If thebuttonchosen
is a correctbutton,a rewardof valuer will updatethevalueof the
production;otherwise,a rewardof Ðrwill bereceived.TheFinish
productionthenfires,which leadsto thestartof thenext trial. We
assumethat eachof theseproductionstakesabout 1 s of process-
ing. Given the 1-s delay and the value of k ! .25, the discount
value,1/(1 ( kt), is .8 betweenpairsof productions.

The expectedvalues of the four productionswere updated
accordingto thedifferencelearningequationin thereinforcement-
learning mechanism.There was an r or Ðr amount of reward
creditedto the productionsthat chosethe buttons.To fit the data,
we set r to 1.4. The exactsequenceof outcomesas reportedin
Friedmanet al. (1964)waspresentedto themodel.We obtaineda
fit of R2 ! .912. The standarderror of the modelÕsestimate(a
measureof deviationbetweenpredictionandobservation)is .056.
As one measureof the reliability of the data,we looked at the
degreeto which theprobabilityof choicein thep conditioncould
be predictedby 1 minus the probability of choice in the 1 ' p
condition.They shouldbe the samebecausethe two alternatives
are indistinguishable.The averagedeviationin thesenumbersis
.058. Therefore,it seemsthe model doescorrespondto the data
within thelimits of thedataÕsown precision.Thefit is alsosimilar
to thatobtainedby Lovett (1998).However,becausethemodelby
Lovett combinedeventprobabilitiesandamountof rewardinto a
singleparameter,it hastrouble fitting the datasetby Myers and
Suydam(1964),which we discussshortly.

Figure3c providesan illustration of the changesin the values
thatarebehindthesepredictions.Therewehaveplottedthechange
in the valuesof the four productionsover the courseof the 48
trials. It is assumedthateachproductionhasan initial valueof 0,
and we plot the averagevalues of the productionsafter each
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subblockof 12 trials. It canbe seenthat the high-probability-of-
reward button (Button 1) grows rapidly whereas the low-
probability-of-reward button (Button 2) decreases fairly rap-
idly. The figure indicates the difference in values between the
two button productions and how this difference maps onto
probability of choice according to the conflict-resolution equa-
tion. As the model increasingly tends to choose the high reward
button (Button 1), it passes the positive reinforcement signal

back to the sequence of productions that preceded Button 1. As
a result, the value of the Prepare production tends to increase.
Similarly, the Finish production accrues .8 of the value of the
Prepare production that follows it.

ContingentPayoffs

In the previoustwo experiments,the two outcomeswerebasi-
cally symmetricalin the sensethat whicheveroption was pre-
dicted,if it occurredthesamerewardwasgiven.However,onecan
also makepayoffs contingenton which action is predicted.One
suchexampleis the study by Myers and Suydam(1964),which
wasalsochosenasa benchmarktestfor themodelsby Busemeyer
and Townsend(1993) and Gonzalez-Vallejo(2002). Myers and
SuydamÕsexperimentprovidesfurther evidencethat a successful
choicemodelmustbesensitiveto theprobabilitiesandmagnitudes
of rewardseparately.LovettÕs(1998)modelwould havedifficulty
with this experimentbecauseit useda singleparameterto repre-
senttherewardobtainedfrom choosingtheoutcomes;in contrast,
Myers and SuydamÕsdesign made the reward dependon the
choice.In Myers andSuydamÕsexperiment,if participantschose
the first alternative(which was always the more probable)and
were correct, they receiveda reward of G points; if they were
wrong,they lost L points,andthevaluesof G andL dependedon
condition.Thesecondalternativealwayspaid1 point if correctand
' 1 point if wrong.Thevaluesof G andL (expressedaspoints)are
shown in Table 1. All participantsstartedwith a stakeof 100
points, redeemableat .25 cent per point. The study was a 2
(probability of Alternative1 beingcorrect! .60, .80) ) 2 (G !
1, 4) ) 2 (L ! 1, 4) between-subjectsdesign. The expected
payoffsfor alternativesin eachconditionarealsoshownin Table
1. For example,the expectedpayoff of Alternative1 in the p !
.60, G ! 1, L ! 1 conditioncanbe calculatedas(.60)1 ( (1 '
.60)(' 1) ! .20,andthatof Alternative2 will be(.60)(' 1) ( (1 '
.60)(1) ! ' .20.

If preferencestrengthsare sensitiveto the expectedpayoffs,
thenpreferencesshouldbein theorderof thedifferencesbetween
the two options,hencethe following order: (G ! 4, L ! 1) *
(G ! 4, L ! 4) * (G ! 1, L ! 1) * (G ! 1, L ! 4). It is
interestingto notethat exceptwhenp(1) ! .60, G ! 1, andL !
4, Alternative 2 should be chosenover Alternative 1. Figure 4
presentstwo displaysof the results.Figure4a showsthe average
proportionof choiceof Alternative 1 over all 300 trials for the
eight conditionsof the experiment.The resultswere in general
consistentwith thepredictionsbasedon expectedpayoffs:Partic-

Figure 3. Observed(a) andpredicted(b) choiceproportionsin Friedman
et al. (1964)acrossfour 12-trial blocksof different probability of success
( p) for one of the buttons.Part (c) showsthe averagechangein values
acrossthecourseof theexperimentin theconditionwhenp ! .90.Dif !
difference;prob ! probability.

Table1
ExpectedPayoffs(EP) for EachCondition in Myersand
SuydamÕs(1964)Experiment

G L

P(1) ! .60 P(1) ! .80

EP(1) EP(2) Dif EP(1) EP(2) Dif

1 1 0.2 ' 0.2 0.4 0.6 ' 0.6 1.2
1 4 ' 1.0 ' 0.2 ' 0.8 0 ' 0.6 0.6
4 1 2.0 ' 0.2 2.2 3 ' 0.6 3.6
4 4 0.8 ' 0.2 1.0 2.4 ' 0.6 3.0

Note. G and L reflect points gained and lost, respectively.Dif !
difference.
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ipantschoseAlternative 1 more often in all but the condition in
which p(1) ! .60,G ! 1, andL ! 4, andthemagnitudeof choice
proportionswasin thepredictedorder:(G ! 4, L ! 1) * (G ! 4,
L ! 4) * (G ! 1, L ! 1) * (G ! 1, L ! 4). MyersandSuydam
(1964) found a significant G ) L interaction.Specifically, in-
creasesin L had a larger effect when G ! 1 than when G ! 4.
Figure 4b showsaveragesover the .60 and .80 conditionsand
displaystheaveragelearningcurves,in blocksof 50trials,for each
combinationof G and L. Thesefour learning curvesare rather
similar. Except for the G ! 1, L ! 1 curve, participantsshow
about2/3 of therise from Block 1 to Block 2 that theyshowover
theentirecourseof theexperiment.In general,participantsappear
to havereachedcloseto asymptoteby the endof the experiment.

Figure 4 also displaysthe fit of our model to thesedata.We
allowed ourselvesto estimateindependentrewardsfor eachout-
come:( 4, ( 1, ' 1, and ' 4. Our estimatesof thesevalueswere
R(( 4) ! 2.9; R(( 1) ! 1.2; R(' 1) ! ' 1.8; andR(' 4) ! ' 4.2.
As canbe seen,the lossesareof greaterabsolutemagnitudethan
the positive rewards,correspondingto the frequentfinding that
peoplearelossaverse.6 All otherparameterswerethe sameasin
previous models. We obtained a fit of R2 ! .932 (to all 48

observationsyieldedby crossingthe8 conditionswith the6 points
on the learningcurve).Thestandarderrorof themodelÕsestimate
was.048.Notein particularthatthemodelcapturestheinteraction
betweenthelevelsof L andG notedby MyersandSuydam(1964)
and the observedrate of learning. Although the estimatesof
parametersfor magnitudeof rewardswill substantiallydetermine
theasymptoticlevelsof choicein themodel,thepredictionsabout
the learningrate really fall out from the fixed parametersof the
model.We shouldpoint out that our modelis the first to produce
theselearningcurves,althoughthe averagechoiceproportionsin
Figure4ahavebeenmodeledby others(Busemeyer& Townsend,
1993;Gonzalez-Vallejo,2002).

LearningFrom Variable Rewards

In theprecedingexperimentsaparticularchoicewaseitherright
or wrong.However,in manysituationsa choicecanmeetwith a
continuousrangeof outcomes.Reinforcementlearningis particu-
larly suitedfor this typeof learningbecauseit doesnot requirean
explicit teacherwho offers the correctanswer.Instead,reinforce-
ment is simply comparedwith existing expectation,and if it is
higherthanexpectation,it is considereda positivereinforcement;
otherwise, it is considereda penalty. Busemeyerand Myung
(1992)conductedsuchan experimentin which participantswere
told to selectone of the three treatmentstrategiesfor patients
suffering from a commonsetof symptompatterns.Feedbackon
the effectivenessproducedby the treatmentwasgiven after each
selection.For the sake of convenience,the treatmentwith the
highestexpectedeffectivenessis calledTreatment3, thenextmost
effective is called Treatment2, and the least effective is called
Treatment1. Figure5 illustratesthe distributionof payoffsof the
treatments.The effectivenessproducedby each treatmentwas
normally distributedwith equalstandarddeviation,but the mean
payoffs are different (as explainedbelow). Participantshad to
evaluateeach treatmenton the basis of trial-by-trial feedback.
Participantsweretold to maximizethesumof thetreatmenteffects
over training,andtheywerepaid4 centsperpoint. Themeansof
thenormaldistributionsareequallyspacedapartfor Treatments1,
2, and3. Thetwo independentvariablesweremeandifference(d)
(i.e., the separationof the distributionsin Figure5) andstandard
deviation(which affectsthe amountof overlapin Figure5). The
exactvaluesof d andthe standarddeviationsareshownin Table
2. Eachparticipantwasgiven nine blocks(50 trials per block) of
trainingin eachcondition.Themodelreceivedthesameamountof
training asthe participants.

From Table 2 we can see that as d increased,the observed
choice proportionsof the optimal treatmentincreased.As the
standarddeviationincreased,the observedchoiceproportionsof
the besttreatmentdecreased.Thesetwo main effectsweresignif-
icant, and the interactionbetweenthem was not. Theseresults
werequitestriking,astheyshowedhow participantsestimatedthe
payoff distributions on the basis of repeatedsampling of the

6 Asymptotically,theonly thing thatmattersfor predictionis thediffer-
encebetweenthe utilities and not their actual values.However,as the
learnedutilities all start at zero, the predictedlearning curves depend
somewhaton theactualvalues.Nonetheless,our predictionswould change
only modestlyif we wereto adjustthesefour utilities by addinga constant
so that their averageis zero.

Figure 4. Observed(obs)andpredicted(pred)choiceproportionsfrom
the experimentby Myers and Suydam(1964) in the eight conditions(a)
andlearningrates(b). G andL indicatepointsgainedandlost,respectively.
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effectivenessof eachtreatmentwithout any informationon which
treatmentwasthe optimal treatment.

To model the data,we usedthe samemodelaswe did for the
Friedmanet al. (1964) data,exceptthat three productionswere
usedto chooseeachof thethreetreatments.Similar to all previous
models,the initial expectedvalueof eachproductionwassetto 0.
For eachtrial, the rewardsobtainedby the modelweresimulated
by drawinga samplefrom the normaldistributionthat represents
theeffectivenessof thetreatmentchosenby themodel.Oneof the
problemswe facedwashow to scaletheseobjectiverewardsonto
subjectiverewardsfor themodel.We couldnot taketheapproach
of the previousmodelof simply estimatinga different subjective
reward value for each objective reward, becausethere are an
infinite numberof suchrewards.Althoughwecouldhavetakenthe
approachof trying to estimateamorecomplexfunction,wesimply
usedthe following equationto mapthe objectiverewardonto the
subjectiverewardvalue:

Subjecti ve reward ! scale* objecti ve reward.

Curiously,we estimatedthe multiplicative scalefactor to be ex-
actly 1.00to bestfit thedata.We obtaineda fit of R2 ! .782.This
is smallerthanthepreviousfits; however,thecorrelationbetween
the numbersandwhat would be predictedfrom the main effects
aloneis only .804,andthe interactiontermis not significant.This
suggeststhat we may be fitting the data to the degreeof its
reliability. The standarderror of the modelÕsestimatewas .039.
The new learningmechanismbuilt up the distributionsof effec-
tivenessof the treatmentsfrom trial-by-trial feedbackandexhib-
ited similar sensitivity to the differencesof the variabilities and
meansof the distributionsasparticipants.The averagedifference
betweenstandarddeviationsof 6.0and3.0 (row effect in Table2)
was8% in accuracy,whereasthemodelpredicts6%. Theaverage
differencebetweenameandifferenceof 3.0and2.0(columneffect
in Table2) was17%,whereasthe modelpredicts14%.Thus,the
modelcapturestherelativemagnitudeof thetwo effects,although
slightly underpredictingthem.

BusemeyerandMyung (1992)showedthat their adaptivenet-
work modelalsoproducedthe setof resultsthey obtained.Actu-
ally, their model(a generalizationof a classof learningmodelsby
Gluck & Bower,1988,who derivedthemodelsfrom the learning
ruleof Rescorla& Wagner,1972)hasasimilarmathematicalform
to the current stageof the reinforcement-learningmechanism.
However, the current reinforcement-learningmechanismis sim-
pler than their adaptivenetwork model, and as we will show
shortly, our mechanismhasother attractivepropertiesthat their
modeldoesnot have.

Choosingto Gamble

In many situationsone can be facedwith the choicebetween
acceptinga sure gain or loss and choosingto gambleto try to
obtainsomethingbetterthanthesuregainor to avoidthesureloss.
Thefinal experimentthatwe considerin this sectionis a relatively
complicatedexperimentby Myers et al. (1965) that investigated
sucha situation.In their experiment,participantswere askedto
choosebetweena surething (eithera gain or a lossof 1 point in
differentconditions)or a gamblethatwould returnmorepointsif
successfulbut resultin losingmorepointsif unsuccessful.Half of
the participantswere assignedto the low-risk group (a rangeof
outcomesfor therisky optionfrom ( 2 to ( 6 for a win and' 2 to
' 6 for a loss)andtheotherhalf to thehigh-riskgroup(from + 12
to + 16). Theresearchersalsomanipulatedtheprobability that the
risky option would succeed.

Therearetwo aspectsto their experiment.Thefirst is illustrated
in Figure6, whichdisplaysthelearningeffects,averagingoverthe
magnitudesof payoffs.The two main findings were that (a) the
choiceto gambleincreasedwhentheprobabilityof succeedingin
the gamblewasgreater(.80 vs. .50 vs. .20) and(b) the choiceto
gamblewasgreaterwhenthesureoutcomehada negativepayoff
(' 1 point vs. ( 1 point).7 It is alsoworth noting that throughout
theexperiment,therewasa slight overallbiasto chooseto gamble
over the fixed alternative:Gambleswere chosenon 55% of the
trials, averagingover the whole experimentandall conditions.

Thesecondeffectin thisexperiment(andtheonethathasdrawn
moreattention)concernsa patternthatappearsmostclearly in the
asymptoticperformancein thelast50 trials of theexperiment.It is
illustratedin Table3. In the presenceof a suregain, participants
weremorelikely to gamblewhenthemagnitudeof thegamblewas
large.In thepresenceof a sureloss,in contrast,participantswere
more likely to gamblewhen the magnitudeof the gamblewas
small.This effectis a violation of a propertyof theclassicalutility
theory called independencebetweenalternatives (Tversky &

7 It shouldbepointedout thattheprobabilityof successof gamblecould
dependonwhatthecertainoutcomewas.Therewerethreegroups:Forone
group that probability was .50 independentof the certainoutcome;for a
secondgroupit was.80 in thepresenceof a certainrewardand.20 with a
certainloss;andfor thethird groupthis wasreversed.Thus,all groupshad
onaveragea .50probabilityof success,but thelasttwo groupshadto learn
the relationshipbetweenthe surepayoff andthe probability of successof
a gamble.

Figure 5. Distribution of effectivenessof different treatmentsin the
experimentby BusemeyerandMyung (1992).

Table2
Observedand PredictedChoiceProportionsof the Optimal
TreatmentFrom the Experimentby Busemeyerand
Myung(1992)

SD

Meandifference(d)

2.0 2.5 3.0

3.0 0.69 0.84 0.85
(0.71) (0.80) (0.85)

4.5 0.69 0.72 0.84
(0.69) (0.77) (0.83)

6.0 0.65 0.63 0.86
(0.66) (0.73) (0.79)

Note. Predictedscoresare in parentheses.
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Russo, 1969). The property of independencestates that if A
(gamblewith largemagnitude)is chosenmoreoften in thechoice
setcontainingA andC (thesuregain) thanB (gamblewith small
magnitude)is chosenin thechoicesetcontainingB andC, thenA
shouldbechosenmoreoften in thechoicesetcontainingA andD
(thesureloss)thanB is chosenin thechoicesetcontainingB and
D. This propertyis trueof our model,becauseif A is chosenmore
often in the presenceof C thanB is chosenin the presenceof C,
then A must have greatervalue than B, and this greatervalue
shouldalsoleadto morechoicesin thepresenceof D. Nonetheless,
ascanbe seen,our modelpredictsthis effect in this experiment,
andwe explainwhy after describingthe model.

To model the datafrom Myers et al. (1965),we assumedfour
choiceproductions.In thepresenceof a surelossof 1 point, there
wasonepair of productionsthat chosethe lossor the gamble.In
the presenceof a suregain of 1 point, therewasanotherpair of
productionsthatchosethegainor thegamble.As notedin footnote
5, separateproductionswererequiredby the fact that thegambles
paidoff differently in thepresenceof asuregainversusasureloss.
Another critical featureof this study was that after the choice,
participantswerealwaystold whattheywouldhavereceivedif the
otheralternativehadbeenchosen,which is not the casefor most

two-choiceexperiments.Becauseof thisuniquefeatureof thetask,
we, aswith othermodelsof this experiment(e.g.,Busemeyer&
Townsend,1993;Gonzalez-Vallejo,2002),assumedthat thereac-
tion to a gambledependedon both outcomes.This is consistent
with resultsfrom themeasurementof event-relatedbrainpotential
in a similar gambling task (Yeung & Sanfey,2004), in which
participantswereshowntheoutcomeof thealternativetheychose
and the outcomeof the alternative they did not choose.Two
seeminglyseparatebrain signalswere recordedÑonesignalcor-
relatedwith thevalenceof therewardandtheothercorrelatedwith
the magnitudeof the reward (or loss). Specifically, thesetwo
signals togethercarried information about whetherpoints were
gained or lost relative to the outcomesof the alternativenot
chosen.

We thereforedecidedto usefour different parametersto repre-
sentthesesignals.Specifically,we assumedthat if a smallgamble
was unsuccessfulin the presenceof a sure loss, this resultedin
only a small regret.On theotherhand,if theunsuccessfulgamble
waslargeor thealternativewasa suregain,we assumedthatthere
wasalargeregret.Analogously,weassumedthatif asmallgamble
wassuccessfulin the presenceof a suregain, this producedonly
a small elation,but that therewasa largeelationif thesuccessful
gamblewas large or therehad beena sure loss. The valueswe
estimatedwere' 2.0for smallregretand' 3.3for largeregretand
2.7 for small elation and 3.3 for large elation. In principle, we
could haveestimatedeight different utilities for all possibleout-
comesof the gamble(win vs. loss crossedwith large vs. small
crossedwith suregainvs. sureloss),but it seemedthat thesefour
parameterswereadequate.In additionwe estimated a 0 valuefor
thesuregainof 1 pointand' 0.3valuefor thesurelossof 1 point.
The modeldoesa good job of fitting the data.Looking at all 72
datapointsÑthe36 in Figure6 for bothlargeandsmallgamblesÑ
the R2 was .946.The standarderror of the modelÕsestimatewas
.060.

In particular,the modelcapturedthe violation of independence
betweenalternatives.This dependedon assessingthe outcomeof
a gambledifferently, dependingon what thecertainoutcomewas.
This is not really anassumptionof themodelbut simply borrowed
from othermodelsof thephenomenon.However,it is noteworthy
that the model can predict the result of this experimenteven

Table3
Observedand PredictedChoiceProportionsat AsymptoteFrom
Myers,Suydam,and Gambino(1965)

Probability
Magnitude
of gamble Certainpayoff Data Model

.20 low ( 1 .08 .12

.20 high ( 1 .10 .13

.20 low ' 1 .29 .34

.20 high ' 1 .16 .17

.50 low ( 1 .35 .40

.50 high ( 1 .43 .47

.50 low ' 1 .74 .70

.50 high ' 1 .59 .54

.80 low ( 1 .83 .82

.80 high ( 1 .92 .89

.80 low ' 1 .98 .95

.80 high ' 1 .88 .92

Figure 6. Proportionof gamblestakenby participantsandthemodelin each50-trial block in theexperiment
by Myers et al. (1965).Obs! observed;pred! predicted.
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thoughits basicchoicerule obeysthe propertyof independence
betweenalternatives.Thekey to producingtheresultis that it was
not the samerules (or indeed the sameparticipants)that were
choosingagamblein thepresenceof acertaingainversusacertain
loss or when the gamblewas small versuswhen it was large.
Therefore,therulescouldevolveto havedifferentvaluesdepend-
ing on how the outcomeswere assessed.There may well be
violations of the property of independencebetweenalternatives
whereourexplanationfor theMyersetal. (1965)experimentis no
longer valid, such as the choice among single gambleswhere
probabilitiesareexplicitly given andthereis not a learningcom-
ponent(but seeBarron& Erev,2003).However,we would argue
that theseareperhapsspecificto moredeliberativedecisionmak-
ing, not the kind of experience-baseddecisionmaking on which
we focus.Again,we shouldnotethatdespitethefact thatthereare
a numberof models(e.g.,Busemeyer& TownsendÕs,1993,deci-
sion field theoryandGonzalez-VallejoÕs,2002,proportionaldif-
ferencemodel) for the asymptoticbehavior in the Myers et al.
experiment,our model is the only one, to our knowledge,that
predictsthe learningtrends.

Summaryof Results

Wehavetestedthemechanismagainstfour setsof datashowing
how preferenceschangeover time with different experienced
probabilities,magnitudes,and variabilities of payoffs. In the ex-
perimentby Friedmanet al. (1964),responseproportionsof both
themodelandtheparticipantswereapproximatelyconsistentwith
probability matching.The simulation of this experimentestab-
lishedthat themodelshowedthesamesensitivitiesto thevarious
probabilitiesof outcomesand learnedapproximatelyat the same
ratesastheparticipants.Whenfitting thelearningdatafrom Myers
andSuydam(1964),only therewardparameterswerechangedand
the model exhibited the sameinteractionsbetweenthe effect of
rewardsandlosses.Specifically,themodelshoweda largereffect
whenthe losswasincreasedwhenthe rewardwaslow thanwhen
therewardwashigh.Thesetwo datasetsshowedthemajoreffects
of probabilitiesandmagnitudesof rewardin the recurrentchoice
literature,andour modelhasdonea goodjob accountingfor these
effects.Although thereweremanypublisheddatasetsthat dem-
onstratedtheseeffects,we chosethesetwo mainly becausethey
presentedboth learningandasymptoticperformanceover a large
numberof trials.

We alsoshowedthatour modelfits morecomplexdatasetsthat
other recentmodelshaveattemptedto fit. The fit to the results
from Busemeyerand Myung (1992) showsthe flexibility of the
model to learn from a continuousdistribution of reinforcement.
Thefit alsodemonstratesthemodelÕsappealingcharacteristicthat
the feedbackusedfor learning takesthe form of a scalarerror
signalÑthat is, noexplicit teacherwhooffersthecorrectansweris
required.In fact, we showedthat the model adaptsto both the
meansand the variabilities of rewardsbasedon the scalarerror
signal. Last, the model exhibits the choice betweencertain and
uncertainoutcomesin Myers et al. (1965). It also describesthe
risk-takingbehaviorthatviolatedtheindependenceaxiomderived
from the classic subjectiveutility theory. Both data sets were
modeledby others,andwe showedthat our model is comparable
to the fits of theseexistingmodels.

Part 2: Testsof TemporalDiscounting

Theexamplesso far establishthat theproposedlearningmech-
anismscan accountfor the choicebehaviorof individuals faced
with alternativesthat havedifferent valuesandprobabilities.Al-
though we have used the full model, theseexampleshave not
really testedthe assumptionsin the model about delay of rein-
forcement.Theybasicallyaretestsof thesimpleintegratormodel
describedin the introduction.Thereare two assumptions,unique
to reinforcementlearning,thatwetestin thenexttwo sections.The
onewe testin this sectionconcernshow valueis discountedwith
delay. The next section is concernedwith how the value of a
rewardlinks backover time to the actionsthat led to it. Much of
this researchhasfocusedon animallearning,andwe beginwith a
pair of experimentson pigeonchoicebehaviorwhen the values
anddelayof reinforcementof two optionsaremanipulated.

With respectto temporaldiscounting,we shouldnotethatsome
sort of discountingof future rewardsis requiredin order for the
model to converge.The typical reinforcementalgorithm usesan
exponentialdiscounting,largelybecauseof its tractablemathemat-
ical properties.However,aswewill show,thisseemsincompatible
with the actualdiscountingthat is observed,and as othershave
proposed,somethinglike our hyperbolicfunction is required(but
seefootnote4).

PreferenceReversaland DelayedReinforcement

In the experimentby Ainslie and Herrnstein(1981), pigeons
were put in a chambercontainingtwo keys.Food was delivered
with a delayafter eitherkey waspecked.However,the delayfor
onekey wasD seconds,andthedelayfor theotherkey wasD (
4. In addition,theamountof food deliveredfor thelong-delaykey
was always twice that for the short-delaykey. For half of the
pigeons,D wasincreasedfrom 0.01s to 2, 4, 6, 8, and12 s, and
thenreturnedto 0.01s. For the otherhalf, D wasincreasedfrom
0.01s to 12 s, thendecreasedto 8, 6, 4, 2, and0.01s. Regardless
of the delaybetweenpeckingandfood, the total lengthof a trial
was60s.Pigeonswerekeptin aconstantdelayconditionfor many
sessionsof 40Ð45 daysuntil stableperformancedeveloped(the
total experimentlasted320days).Theresults,illustratedin Figure
7, showedthat subjectsinitially strongly preferredthe smaller
reinforcer at 0.01 s rather than the larger reinforcer at 4.01 s.
However,as D was increased,all subjectsreversedpreference,
choosingthelarger-lateroptionmoreoftenthanthesmaller-sooner
option.

Figure 7 also shows the match of the model we developed,
whosestructureis illustratedin Figure8. It is very similar to the
choicemodelsweusedin theprevioussectionexceptthatwehave
differentFinish productionsto representconsummationof thetwo
differentrewardsat differentdelays(in contrast,in previousmod-
elstherewardwasgivenimmediatelywith thechoiceproduction).
BecauseAinslie and Herrnstein(1981) were concernedwith as-
ymptotic behaviorratherthan learning,we calculatedthe steady-
state values of the systemat which the values are no longer
changing.We usedthesameparametersasin thepreviousmodels
exceptfor therewards(i.e., r), whichwereestimatedto be27.6for
thesmallrewardand42.8for thelargereward.To helpexplainthe
behaviorof the model,we considerits behaviorfor the condition
where the two delays are 4 and 8 s. The following equations
expressthesteady-statevaluesfor thePrepareproduction(P), the
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ChooseShort productionthat choosesthe short delay (CS), the
ChooseLong productionthat choosesthe long delay (CL), the
Finish Short production that finishes the short delay with the
reward(FS),andtheFinish Longproductionthatfinishesthelong
delaywith the reward(FL):

VP ! d"1#* $p"S#* VCS # p"L#* VCL%! 11.52

VCS ! d"4#* VFS ! 14.19

VCL ! d"8#* VFL ! 14.55

VFS ! 27.6 # d"55#* VP ! 28.38

VFL ! 42.8 # d"51#* VP ! 46.64.

In theabove,d(t) ! 1/(1 * kt) (k ! .25) is thetemporaldiscount,8

p(S) is the probability of choosingthe short interval, andp(L) is
theprobabilityof choosingthe long delay.With thenoiseparam-
eter set at the fixed value of 1.0, the value of p(S) ! .412 and
p(L) ! .588accordingto theconflict-resolutionequation.To reach
thesesteady-stateutilities, onehasto guaranteethat eachchoice
getssampledenough,andthereforeit is necessaryto usea noisy
conflict-resolutionequationso that each item has a minimum
probability of beingselected.Without this, the model cansome-
times reachasymptoteon the preferredoption before the other
optionandcometo selectit exclusively,blocking further learning
on theotheroption.This is consistentwith theprocedurein many
animal studies(e.g.,Mazur, 1985), in which forced-choicetrials
are interspersedwith free-choicetrials to ensurethe experience
with eachalternative.

The indifferencepoint is wherethe valuesof CS and CL are
equal,which is wherethe ratio of d(t)/d(t ( 4) is the sameasthe
ratioof VFL/VFS, andthatequals1.55.With k ! .25andsolvingfor
d(t)/d(t ( 4) ! 1.55,wegett ! 3.3s.With respectto thefit of the
model,we obtaineda fit of R2 ! .956anda standarderrorof the
estimateof .068.This experimentis just oneof the manystudies
in the animalconditioningliteraturethat justifies a temporaldis-
countfunctionsuchastheonein our model;on theotherhand,it
is thefirst thatshowsthedramaticpreferencereversalasthedelays
of reinforcementweremanipulated.We will showshortlywhy the

exponentialdiscountfunction had trouble producingthe prefer-
encereversal.

ReinforcementDelayÐAmountTrade-Offs

Althoughthepreviousexperimentjustifiesa temporaldiscount,
it doesnot justify the hyperbolic function. Evidencefor the hy-
perbolicform comesfrom theexperimentof Mazur(1985),which
introducedan adjustingprocedureto find the indifferencepoints
for varioussetsof delayedreinforcement.In an adjustingproce-
dure, subjectschoosebetweena standardalternativeand an ad-
justingalternative.In MazurÕsexperiment,thestandardalternative
deliveredpigeonsa certainamountof food (RF) aftera fixed delay
DF. Thedelayfor thestandardalternativewasdifferent in eachof
the nine conditionsbut was fixed throughouta condition. The
adjustingalternativedelivereda largeramountof food (RA) after
an adjustingdelay (DA). The amountof food for the adjusting
alternativewasthreetimes that for the standardalternative.(The
delaybetweentrials was15 s, independentof choice.)If a pigeon
chosethe adjustingalternativeon two consecutivetrials, DA was
increasedby 1 s; if the standardalternativewas chosenon two
consecutivetrials, DA was decreasedby 1 s. When the pigeon
chosethetwo alternativesaboutequallyoften,theadjustingdelay
could be consideredthe indifferencepoint. At the indifference
point, thevaluesof theCSandCL productionsareequal.In each
of the nine conditions, pigeonswere given a minimum of 12
64-trial sessions,until the choicestabilized.The standarddelays
for thenineconditionswereDF ! 0, 1, 2, 6, 6, 10,12,14,and20.
Figure 9 showsthe meanindifferencepoints for eachstandard
delay.The bestfitting regressionline indicatesa slopeof 2.4 and
a y-interceptof 2.2.

At the indifferencepoint the valuesof the two choiceswill be
thesame,andwecanuseanextensionof theasymptoticequations
given earlierto find two expressionsfor this valuecorresponding
to its calculationat the long andshortdelay:

V ! d"S#$RS # d"15#d"1#V%,

V ! d"L#$RL # d"15#d"1#V%.

Theseequationsandthedefinition of thediscountfunctiond(t) !
1/(1 ( kt) canbe manipulatedto give an expressionfor the long
delay(L) that matchesa particularshortdelay(S):

L ! RL/RS* S#
"RL/RS " 1#$1 " d"15#d"1#%

k
.

Thus,thecalculationof thematchingdelaydependson theratioof
the larger to the smaller reward(RL/RS) and not on their actual

8 Note that becauseeachtrial took 60 s, the time to the next trial was
slightly lessin the caseof the long interval.For instance,in the caseof a
4-sshortdelayversusan8-slongdelayit wouldbe55safterrewardto the
next trial for the shortdelayand51 s for the long delay.

Figure 7. Proportionof choice of the smaller-sooner(SS) option as a
function of the delayof the larger-later(LL) option in the experimentof
Ainslie andHerrnstein(1981).

Figure 8. The model for the experimentby Ainslie and Herrnstein
(1981).
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values.The bestfitting valueof this ratio is 2.34.With this value
of the ratio of the rewards,the model predictsa linear equation
with this ratio asthe slopeandthe interceptof 4.46s. The model
fits thedatawell, R2 ! .998,andstandarderror in predictionwas
1.28s,which is quiteadequategiventhatthestandarddeviationin
the empirical values is 1.80 s. This is striking support for our
theory, particularly for the underlyingdiscountequation.It pre-
dictsthelinearrelationshipbetweenthelengthof thetwo intervals,
andit predictsboththeslopeandtheinterceptof thatequationwith
an estimateof a singleparameter(the ratio of the rewards).

As we noted, the most typical temporaldiscount function in
existing reinforcement-learningmodels is the exponentialfunc-
tion. We cansubstitutetheexponentialfunctiond(t) ! at into the
equationsabovefor valuein theshortandlong delaysto calculate
the relationshipbetweenthe two at the point of equilibrium:

L ! S"
ln$RL/RS%# ln$1 " a16( S"1 " RS/RL#%

ln"a#
.

This showsthat therelationshipis againpredictedto be linearbut
this time with a slopeof 1 and an interceptthat dependson the
ratioof thelargeto thesmallreward.9 Thisequationshowsthatthe
fundamentalproblemwith anexponentialdiscountfunctionis that
it predictsan additive shift in the matchingdelay for a larger
reward.However,weshowedthattherelationshipbetweenthetwo
delaysis basically multiplicative. We should point out that the
exponentialdiscount function predicts that the two curveswill
nevercrossover.Thus,theexponentialfunction is not capableof
producingthe preferencereversalasshownby Ainslie andHern-
stein(1981).

Summaryof Results

We showedthat the model fit the two setsof datawell. In the
experimentby Ainslie andHerrnstein(1981),both themodeland
thesubjectsreversedpreferencefor thelarger-laterrewardsinstead
of the smaller-soonerrewardsas the delay increased.In the ad-
justing schedulesof the experimentby Mazur (1985), the model
stabilizedat thesameindifferencepointsfor thevariousconditions
as the subjectsdid. Although the samehyperbolic function was

usedby Mazur,our modelwasat a lower level thanthemodelby
Mazur, which aimed at predicting the stabilized indifference
points.Unfortunatelywe do not havethe learningdatafor Ainslie
and Herrnsteinor MazurÕsexperiments,but our model is poten-
tially able to match the learning data that the molar model of
Mazur is not capableof doing.

Part 3: Testsof Credit Propagationin the Acquisitionof
Action Sequences

Oneof thepowerfulfeaturesof theTD algorithmis its ability to
propagatecreditbackto previousproductions.However,this pro-
cesstakestime. Initially, only theproductionthatdirectly leadsto
therewardgetscredit.In thenextcycleof productionfirings, some
of thatcreditpropagatesbackto thepreviousproduction.Eventu-
ally, credit can find its way back to a critical early production
throughachainof productionsthatleadsto thereward.This credit
propagationmechanismis essentialfor learningactionsequences,
ascreditsareassignedto all productionsthat eventuallyleadto a
reward,includingthecritical productionthatinitiatesthesequence
of productions.Strong evidencefor such propagationof credit
would seemto befound in theresearchon goalgradientsin maze
learning. We describea model for the classic experimentby
Tolman and Honzik (1930) and then point out the problemwith
this experimentand similar experiments.Then we describethe
experimentwe performedto obtain more definitive dataon this
issue.

TheMazeExperimentby Tolmanand HonzikWith Rats

TolmanandHonzik (1930)useda 14-unit T maze(seeFigure
10) to studyhow rats learnto eliminateblinds.After preliminary
trainingonhowto manipulatethegatesandcurtainsat thejunction
points,eachof the36 ratswasgivenonerun a dayin themazefor
17 days. Time and error recordswere kept, but as we are not
predictingtime here,we focuson theerrordata.An entranceinto
a blind wasconsideredanerror.Gatespreventedreturnsinto units
just visited,andsotherewasnot thepotentialto retractsuccessful
choicesandgobackward.Figure11ashowsthelearningmeasured
as total numberof errors madeby the 36 rats, and Figure 11b
showsthe proportionof errorsto eachof the blinds in Figure10.
Figure11 showsthat rats learnedto reducethe numberof errors
with practicebut that errorswere not distributedequally for all
blind positions.Overall, therewasa trendfor fewer errorscloser
to the food, but it is clearthat otherfactorswereat work aswell.
In additionto proximity to thefood, fewererrorsweremadewhen
the correctchoicewas to go to the right or to go down. Overall,
morecorrectmovesareto theright, andsomovingright is a good
guess.The advantageof the downwardmovesis a second-order
goal-gradienteffect in that correct movesclose to the food are
downwhereasthosefartherawayareup.Althoughtherearethese
importantdirectionaleffects,theoverallpatternof resultsis often
takenas evidencesupportingthe notion of a goal gradient:The
influenceof the final rewardis gradedaccordingto how far away
the stimulusis from the goal (or in this case,the food reward).

9 Although the intercept is expressedabove as a subtraction,it is a
positiveinterceptbecauseln(a) & 0 andtheratio of therewardsis greater
than1.

Figure 9. Indifferencepoints of the two delayedrewardsin MazurÕs
(1985)experiment.LL ! larger-lateroption;SS! smaller-sooneroption.
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Figure 11 also displaysthe predictionsof our model for this
task.Themodelassumesthattherearetwo productionsspecificto
eachchoice point, eachrequestinga move in the two possible
directions.In addition, thereare four generaldirectionalproduc-
tions,movedown, moveup, moveleft, andmoveright. Given the
designof the maze,at any choicepoint, only two of the general
directional productionsare applicable.The first set of choice-
specific productionswould eventually learn the maze, but the
secondsetallowedfor directionalbiases,particularly in the early
stagesof learning.Oneproductionfired at eachchoicepoint. If it
led to a blind, it waspunishedwith a negativevalue.If it did not
leadto a blind, nothinghappened,exceptfor the last production,
whichwouldberewardedpositivelywith thefood.Eventually,the
results from the correct final choice can propagateback to the
earlier choices.The two parametersestimatedwere the positive
utility of the food (estimatedat 120) and the negativeutility of
going down a wrong choiceandhaving to backup (estimatedat
' 19). All otherparameterswerethesameasin theothermodels.
Figure11 displaysthecorrespondencebetweenthis modelandthe
data,andit is quitestriking.For thelearningcurve,R2 is .973and
meanerror is 13. For theblind performance,R2 is .718andmean
error is 2.2%.

A MazeExperimentWith Humans

After working with theTolmanandHonzik (1930)dataset,we
cameto the conclusionthat it had threeunfortunateaspectswith
respectto assessingcredit assignmentin the TD algorithm.First,
thedirectionaleffectshavea majorimpacton thegoalgradient,as
is apparentfrom Figure11b. Although we capturedmuchof this
effect with our useof left, right, up, anddown productions,there
mayhavebeenotherdirectionalbiasesto complicatematters(rats
are particularly good with respectto directional sensitivity; see
OÕKeefe& Nadel,1978).Second,ratscameimmediatelyto ablind
after a mistakeand were forced onto the right path. Thus, the
blindsprovidedimmediatefeedback,andit wasnot necessaryfor

creditto propagatebackfrom thegoal.Wemodeledthisby having
a negativevalue for a wrong choice.Indeed,it wasnecessaryto
havethesepunishmentfactorsbecauseof the third problemwith
theTolmanandHonzikexperiment:thatit wassimplynotpossible
for credit to effectivelywork its way all theway backthrough14
choicesfrom thegoalin 17 trials.10 To addresstheseproblems,we
choseto run anisomorphof a mazeexperimentwith humans.The
characterof theisomorphwasdesignedto eliminateanycomplex-
ities producedby spatialreasoning.However,it retainedthechar-
acteristicthat learningrequirestheacquisitionof actionsequences
that dependscritically on the assignmentof credit to the right
actionsexecutedat different points in time.

The maze-searchingtask. The maze-searchingexperiment
wasdesignedto directly test the goal-gradienthypothesisassug-
gestedby the resultsfrom the mazeexperimentby Tolman and
Honzik (1930).To eliminatethecomplexitiesof spatialreasoning,
we createdan artificial maze-searchinggame, presentedon a

10 While onemight think onechoicepoint couldbelearnedpertrial and
so17 trials would beenoughfor 14 choices,it takesa numberof trials for
the assessmentto build up at a choicepoint beforeany significantcredit
canpropagatebackto the next choicepoint.

Figure 10. T mazeusedin Tolman and Honzik (1930). The numbers
representblinds in the maze.When a rat chosethe wrong direction and
entereda blind, it neededto turn aroundandgo in a differentdirectionto
go to the next T junction.

Figure 11. (a) Observedandpredictednumberof errorsand(b) percent-
ageof errorsin eachof the blinds in the mazeexperimentof Tolmanand
Honzik (1930).
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computer, in which participantswere asked to make arbitrary
associationof objectsto guide their choicesas they progressed
througha seriesof simulatedrooms.Thescreensymbolizingeach
room containeda single object term (e.g., chairs, phones)11 and
termsfor two elements(chosenfrom fourÑ gold, wood, water, and
fireÑintended to be analogousto the four directionsin the maze
experiment).Figure12showsascreenshotof a room.By selecting
an element,participantswere takento anotherroom with a new
objectandanothertwo elements.TheparticipantÕstaskwasto find
the correct sequenceof elementsthat would lead through the
correctsequenceof roomsto finish the trial. The correctelement
dependedontheobjectin theroom.Thus,aparticularelementwas
successfulonly in roomsthat containeda particularobject.Per-
formanceon the taskthusdependedon learningwhich elementto
select in the presenceof eachobject. This kind of learning is
centralto manyskill-learningsituations,asthemaincomponentof
a skill is to know whento apply theright actiongivena particular
contextof cuesin theenvironment.Thelearningof theassociation
of the object and right element(i.e., actions) can thereforebe
considered one of the core learning components in skill
acquisition.

The crucial aspectof the task is that feedbackwasgiven only
after threecorrectchoiceshadbeenmadeor whena deadendwas
reached.Figure 13 showsthe map of the rooms(which was not
shown to participants).In each of the rooms, there were four
possible objectÐelement triplets. When participants reached a
room, one of the objectÐelementtriplets was randomlysampled
andpresentedonthescreen.Theparticipanthadto choosebetween
thetwo elements,andonly onewould leadto thecorrectnextroom
(providedthe participantwas still on the correctpath).All trials
beganin Room 1. When three correct choiceswere made(i.e.,
whenparticipantsprogressedfrom Room1 to Room2 to Room3
to ÒfinishÓin Figure13), thetrial wouldendand3 pointswouldbe
given. Otherwise,if one or more of the choiceswere wrong,
participantswould reachoneof the deadends(i.e., D1 to D7 in
Figure 13) and 1 point would be deductedfrom the total score.
When a dead end was reached,participantshad to reset (by
clicking a button in a pop-upwindow) and try again.After the
reset,participantswould be takento the earliestroom wherethey
had made the wrong choice.12 For example,if the participant
correctlychoseRoom2 in Figure13 but thenerroneouslychose
Room4 followed by D3 andreset,theparticipantwould be taken
to Room2. AnotherobjectÐelementtriplet wasthensampledand
presentedto the participantsin Room2, andthe gamecontinued
until theyfinishedthetrial. Thefact thattheobjectÐelementtriplet
wasresampledmeantthat it wasvery difficult for participantsto

determinewhatroomtheyhadbeensentbackto, andin effect the
only direct feedbackthey receivedwason movesthatdirectly led
to a deadend (and they lost a point) or when they reachedthe
finish room (andthey gained3 points).

Therewere12 correctobjectÐelementassociations(4 in eachof
the 3 correct rooms on the way to finishing the trial). Because
feedbackwasgivenonly whenthecorrectpathwasfoundor when
a dead end was reached,learning of the correct early objectÐ
elementassociationsrequiredpropagatingcredit back from later
objectÐelement associations.If the goal-gradienthypothesisis
correct,objectÐelementassociationscloserto thefeedbackshould
be learnedfasterthanthosefartherawayfrom the feedback(i.e.,
learningshouldbe fastestin Room 3, followed by Room 2, and
slowestin Room1).

Note that this is a problemthat is not naturally representedin
terms of choice of states,which is the more traditional use of
reinforcementlearning in artificial intelligence.Participantsare
making a choice of an operator,not a unique state;when they
choosean operator,they can transit to any of the four different
statesdependingon what operatorcomesnext. It is alsothe case
that thereare4 ) 4 ) 4 ! 64 correctoperatorsequencesdepend-
ing on whatstatestheparticipanttransitionsto. Therefore,it is not

11 The objectsusedweretorches, spiders, tables, fishes, dishes, books,
computers, cigarettes, smokedetectors, televisions, radios, pencils, wal-
lets, keys, rats, cats, chairs, telephones, bags, cups, glasses, watches, cans,
folders, magazines, newspapers, envelopes, andstamps.

12 Therewereanumberof reasonsfor not takingparticipantsall theway
backto the beginningeachtime. Onewasthat we wantedto give partic-
ipantsoneexperiencewith thecorrectchoiceat eachlevel on eachtrial. It
alsomadetheexperimenta little lessfrustrating,becauseif we hadalways
sent participantsback to the beginning, they would have had a (1/2)3

chanceof gettingit right andthushavehadto makethreechoicesfor each
mistakeÑwhichimpliessomethinglike 24 movesto solutionat thebegin-
ningbeforetheylearn.Wealsofearedthatalwayssendingthembackto the
beginningmight invokesomestrategyof trying to getthat first moveright
first.Figure 12. A screenshotof anexampleroomin themaze-searchingtask.

Figure 13. Thestructureof thesevenroomsin themaze-searchingtask.
Whena deadend(D1, D2, D3, D4, D5, D6, or D7) wasreached,partic-
ipantsneededto reset.C ! correctchoice;W ! wrong choice.
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feasibleto learneachsequenceseparately.Rather,the participant
must learn the 12 rulesspecifyingwhat elementsto selectin the
presenceof a particularobject.Also, it is not obviouswhat level
(first, second,or third) oneis at, becauseoneis not told the level
to which one is sent back. Thus, the only real feature is the
presentedobjectandnot thepoint in themaze.Exceptfor the last
move,theonly feedbackonegetsasto whetheronehasapplieda
correctoperatoris whetheroneis thentransitionedto astatewhere
onecanapplya correctoperator.Soit is a taskthatreally canonly
be learnedby credit-assignmentmechanismslike thosein rein-
forcementlearning.

Method. Twentymembersof theCarnegieMellon Universitycommu-
nity (age rangedfrom 19 to 32; 9 women,11 men) participatedin the
experiment.Eachparticipantfinished200 trials andwaspaid either$8 or
1 cent per point, whicheveramountwas greater.Participantsspentan
averageof 1 hr in thegame.Theywereinstructedthat throughexperience
with the roomsthey could learnwhich elementswould be correctin the
presenceof different objects and that the objectÐelementassociations
would stay the samethroughoutthe experiment(the actual instructions
given to theparticipantscanbe found in theAppendix).Participantswere
told that theonly feedbacktheywould begivenwaswhentheyhadmade
threecorrectchoicesor whentheyhadreacheda deadend.Theyweretold
that when they reacheda deadend, they had to click the ÒresetÓbutton,
which would takethemto anotherroom.Participantswerenot informedof
the structureof the rooms.All stimuli were presentedand all responses
were recordedvia a standardmonitor controlledby a personalcomputer
system.

Results. Figure14showsthemeannumberof roomsvisitedin
a trial in eachof the1020-trialblocks.Participantsvisitedroughly
10 roomsin thebeginningtrials andapproachedtheasymptoteof
4 roomspertrialsafterroughly100trials (perfectperformancewas
3 rooms per trial). Figure 14 also showsthe predictionsof our
model for the task. The model representseachobjectÐelement
associationasa production.Similar to the model for the mazein
TolmanandHonzik (1930),therearealwaystwo productionsthat
competein eachof the rooms.However,in this task,we do not
needthe generaldirectionalproductionsto accountfor the direc-
tional biasesobservedin theTolmanandHonzik experiment.We
constrainedthe major parametervaluesof the model to be the
sameas in previousmodels(i.e., delayed-rewardparameterk !
.25, learning rate a ! .05, and noise parametert ! 1.0)13 and
varied only the reward parameterto fit the data. The reward
parameterwasestimatedto be12.Becauselearningwasrelatively
insensitiveto the punishmentparameterwe set it to be ' 12 (just
to be simple),which is the negativeof the rewardparameter.We
obtainedafit of R2 ! .947,with anaverageerrorof .54.In general,
themodelcapturesthelearningcurveof theparticipants.Giventhe
constraintsof theparameterspace,we considerthemodelto have
donea goodjob fitting the data.

Initially, the model randomlypicks one of the productionsto
progressthroughthe rooms.Therewardsandpunishmenteventu-
ally propagatebackto theearlierproductions.Figure15showsthe
percentagesof correctchoicesmadein Rooms1, 2, and 3. The
maineffectsof roomsandtrials weresignificant,F(2, 57) ! 6.96,
MSE! 2.42,p & .01,&2 ! .074.ThedifferencesbetweenRoom
2 andRoom1 andbetweenRoom3 andRoom1 weresignificant,
F(1, 57) ! 3.87,MSE! 1.35,p ! .05,&2 ! .041,andF(1, 57) !
13.9,MSE! 4.84,p & .01, &2 ! .186,respectively.The differ-
encebetweenRoom3 andRoom2 approachedsignificance,F(1,
57) ! 3.11, MSE ! 1.08, p ! .08, &2 ! .030. In general,the
results are consistent with the goal-gradient hypothesis: The

objectÐelementassociationscloser to the reward were learned
faster.Figure15 alsoshowsthepredictionsof themodel.With the
sameconstraintsof parametervalues,we obtaineda fit of R2 !
.857, with an averageerror of .07. The model capturesthe goal
gradientof reinforcementby learningthe objectÐelementassoci-
ationsin Room3 fastest,followed by Room2, andthenRoom1.
Themodel,however,learnedslowerthantheparticipantsin Room
1 during early trials. We speculatethe reasonis that there was
someinherentsaliencyof Room1 as it wasthefirst roomof each
trial andperhapssomeparticipantsweresettingup specialstrate-
giesto try to learnthis choice.

Summaryof Results

Themodelfits thetwo setsof datafairly well. In bothcases,the
reinforcement-learningmechanismpropagatesdiscountedcredit
back to previousproductions,which in effect producesthe goal
gradientÑthat is, learningof rewardsis gradedand is moreeffi-
cient at choicepoints that are closer to the rewards.The results
demonstratedthat throughrepeatedexposuresto the samereward
structurein themaze,theÒbuilt-inÓcredit-assignmentmechanism
in thereinforcement-learningalgorithmexhibitedthegoalgradient
foundin manyanimalstudies(seeKilleen, 1994,for a review).In
the secondexperiment,the human data we collected from the
maze-searchingtask supportedthe basic premise of the goal-
gradienthypothesis,andourmodelexhibitsasimilargoalgradient
as a result of the credit-assignmentmechanism.Specifically, the
credit-assignmentmechanismallows the model to learnwhich of
the many possibleobjectÐelementrules are more likely to be
correct,and performanceimprovesas thesecorrectrules are se-
lectedmoreoften acrosstrials.

GeneralDiscussion

We havepresenteda reinforcement-learningmodelof recurrent
choice implementedin a generalproduction-systemframework.
The modelwasinspiredby recentunderstandingsof the dopami-
nergicsignalsin the basalgangliaandtheir relationto reinforce-
mentlearning.To demonstratethevalueof this endeavorwe have
identified representativeresultsthat coveredthe major manipula-
tions in the recurrentchoiceliterature,namely,the probabilities,
magnitudes,variabilities, and delay of reward. To extend the
model and test its ability to accountfor skill learning,we per-
formeda studythat testedthegoal-gradienthypothesisin a maze-
searchingtask.Weshowedthatthereinforcement-learningmodels
we constructedprovidedgeneralmoment-to-momentpredictions
of thestrengthof preferenceof alternatives.Althoughthesuccess-
ful useof temporaldifferencemethodshasbeendemonstratedin
manyartificial intelligencesystems,to ourknowledge,noattempts
have beenmadeto test their psychologicalvalidity againstthe
samerangeof empiricaldataaswe did. The fact that theuseof a
fixed set of learning and delayed-rewardparametersexplained

13 Thetime betweenmoveswassetto 3 s, which wasapproximatelythe
averageintermovetime for the participants.
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sucha wide rangeof choicephenomenaprovidesstrongpsycho-
logical validity to the mechanism.

The reinforcement-learningmodel,in its simplestform, is sim-
ilar to an integratormodelthataccumulatesinformationaboutthe
consequencesof a choice. We showed that the model, when
combined with the conflict-resolution equation, provides a
stochasticÐdynamic descriptionof the recurrentchoice process
that lies at theheartof learningandperformancein choicebehav-
ior. We showedthat the reinforcement-learningmodel has two
uniquecharacteristicsthat are often neglectedin other recurrent
choicemodels:how value is discountedwith delay and how the
utility of a rewardwill link backover time to the actionsthat led
to it. Thesecharacteristicsare essentialfor skill learning,which
often requires the learning of action sequencesby delayed
feedback.

MultistepRecurrentChoiceand Skill Learning

We showedthat the temporaldiscountingof rewardsproduced
the resultsfrom the experimentof Ainslie andHerrnstein(1981),
in which preferencesreversedfrom a larger-later reward to a
smaller-soonerreward as the difference of delays of the two

rewardsincreased.Further supportwas provided as we showed
that the model provided striking fits to the data from MazurÕs
(1985)experiment,in which a wide rangeof delaysof reinforce-
mentwasmanipulated.Thediscountingpropertyis thencombined
with the credit-assignmentmechanismto predictbehaviorduring
skill learning.Skill learningcanoften be castasmultisteprecur-
rent choice situations, in which severalactions are performed
beforereinforcementon the full courseof actionsis received.In
thesesituations,not only are rewardstemporallydiscounted,but
rewardsmust propagateback to the appropriateactionsthat are
responsiblefor the rewards.The reinforcement-learningmodel
providesa straightforwardexplanationof how rewardspropagate
backto earlieractions.Initially, only the productionthat leadsto
rewardgetscredit. The next time, someof that credit propagates
backto thepreviousproduction.Eventually,creditcanfind its way
back to critical early productionsin a long chain of productions
leadingto a reward.We showedthatour modelprovidesgoodfits
to thedatabothfrom themaze-learningexperimentby Tolmanand
Honzik (1930) and from the experimentwe designed.Both data
setssupporttheexistenceof agoalgradientof reinforcementÑthat
is, credit receivedis gradedaccordingto how closetheactionsare
to the reward.

Figure 14. Observedandpredictednumberof roomsvisitedin each20-trial block of themaze-searchingtask.

Figure 15. Observed(obs)andpredicted(pred)percentagesof errorsin Rooms1, 2, and3.
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In theanimalliterature,it haslongbeennotedthata reinforcerÕs
effectsarenot limited to just the responsethat immediatelypre-
cededit. Rather,the reinforcementreachesback toward earlier
responses,but theeffectivenessdiminisheswith temporaldistance
(seeKilleen, 1994,for a review).Killeen (1994)proposedthat the
animalkeepstracksof pastresponsesin short-termmemory,and
reinforcementwill strengthentheresponsesin short-termmemory
with a decaygradient,sothat thereinforcementwill havelessand
lessimpacton theresponsesfartherawayfrom thereinforcement.
KilleenÕstheory raisesthe questionsof how the responsesare
representedin memoryand,to beableto explainhumanbehavior,
whetherpreviousresponsesareactuallyrememberedandwhether
this is a criterion for any responseto be reinforceable.Indeed,
recentneurosciencestudieson ratshaveshownthatreward-related
responselearningdoesnot seemto rely on declarativememory
representationsof pastresponses(e.g.,Packard,1999;Packard&
McGaugh, 1996). Rather, declarative(hippocampus)and non-
declarative(striatum) memory systemsseemto work indepen-
dently of eachother during mazelearning.As previousstudies
havefounda closematchbetweenneuralactivitiesin thestriatum
and the reinforcement-learningmechanismduring skill learning
(e.g.,Knowlton,Mangels,& Squire,1996;Poldrack,Prabhakaran,
Seger,& Gabrieli,1999;Schultzet al., 1997),our model is more
closelyrelatedto thenondeclarativeresponse-learningmechanism
found in the striatum in different reward-relatedlearning tasks.
However,it seemslikely that complexskill learningmay involve
both memorysystemsandtheir complexinteractions.

Theinteractionsof thedeclarativeandthenondeclarativemem-
ory systemshavealsobeenshownby recentneuroimagingstudies.
For example,Poldracket al. (1999),using a probabilisticclassi-
fication task,showedthat the striatumplaysan activerole during
the learningprocess.In that task,participantswerepresentedwith
two cardswith differentpatternson them.Theywerethenaskedto
pressa switch if they thoughtthepatternssignified rain, guessing
at the outset but using feedbackon each trial to learn which
patternssignified rain. Each pattern combinationhad a certain
probability of signifying rain. In addition to the significantly
higher activation in the striatum, Poldrack et al. (1999, 2001)
foundthat theanteriorportionof themedialtemporallobe,which
is often associatedwith declarativememoryretrieval,wasdeacti-
vatedcomparedwith thebaselineactivationwhenthestriatumwas
active.The significantnegativecorrelationbetweenthe activities
of thesetwo memorysystemssuggeststhat they may play disso-
ciablerolesin skill learning.Knowltonetal. (1996)alsofoundthat
patientswith dorsolateralfrontal lesionsperformedjust aswell as
healthyindividualsin a probability-learningtask,whereaspatients
with Huntingtondisease(which compromisesthe function of the
striatum)performedsignificantly worse than healthy individuals
(seealsoMorris, Miotto, Feigenbaum,Bullock, & Polkey,1997).

Comparisonsto Other Models

A numberof the datasetspresentedin this article havebeen
modeledby other theoriesof choice. In this sectionwe present
somecomparisonsof our model to the existing models.Two of
thesetheoriesare the decisionfield theory (DFT) of Busemeyer
andTownsend(1993)andtheproportionaldifference(PD) model
of Gonzalez-Vallejo(2002). Although they are not restrictedto
modelsof recurrentchoice,both of thesemodelshaveprovided
good fits to the asymptoticperformanceof participantsin the

Myers andSuydam(1964)andMyers et al. (1965)studies.How-
ever,insteadof focusingon how preferenceschangewith repeated
feedbackon previouschoices,both theoriesfocus on the local
context defined by the alternativesin single-choicestudies.In
DFT, strengthsof preferencesarerepresentedby thedifferenceof
two weightedaveragesof the valencesof the alternatives.In PD,
strengthsof preferencesare representedby a mechanismthat
performstrade-offsbetweenattributeswithin a particular repre-
sentationalstructure defined by a function that calculatesthe
proportionaldifferencebetweenthe alternatives.In contrast,our
model calculatesmoment-to-momentpreferencesfrom the histo-
ries of reinforcementof different alternatives.The appealingas-
pectof our modelis thatwe arecapableof explainingthelearning
data that DFT and PD cannot.Conversely,the focus on local
context allows both DFT and PD to predict results that show
violations of transitivity (e.g.,Mellers, Chang,Birnbaum,& Or-
donez,1992; Tversky, 1969) that our model cannotpredict, as
thosestudiesarenot conductedunderrecurrentchoicesituations.

A recentrecurrentchoicemodel,calledreinforcementlearning
amongcognitivestrategies(RELACS),wasproposedby Erevand
Barron(2003;seealsoErev et al., 1999).RELACS is a learning
model that capturesthe changesin choicesas a function of the
experiencedpayoffs.BecauseRELACS is derivedfrom the same
reinforcementlearningalgorithm as our model, it is not too sur-
prisingthatthebehaviorof RELACSis very similar to our model.
For example,Erev andBarronshowedthat their modeldescribed
the learningtrendsin Myerset al. (1965)andsomeof thesimilar
effectssuchasprobability learningthat we presentedin Part1 of
our sectionTestingthe MechanismAgainst Empirical Data. In
addition,therearereinforcement-learningmodelsthatshowprob-
ability matchingbehavior(Egelman,Person,& Montague,1998;
Montague,Dayan, & Sejnowski, 1996). Our model, however,
extendsthe scope of the mechanismto successfullydescribe
empirical resultsthat show how choice behavior is sensitiveto
delayof rewardsandthesequentialdependenciesof choiceactions
in skill learning.Webelievethatoureffort is complementaryto the
work by Erev andhis colleaguesandothers.

To returnto the distinctionat the beginningof this article,our
model is concernedwith outcomeof quick, nondeliberatedeci-
sionsreflectingstatisticallearningovermanyexperiencesandnot
deliberativedecisionmaking.It would seemthatDFT andPD are
moreappropriateto the latter. Nonetheless,our modeland theirs
havebeenappliedto predictingthesameasymptoticperformance
in the Myers andSuydam(1964)andMyers et al. (1965)experi-
ments,andthis raisesthequestionof whatkind of decisionmaking
participantswere actually engagedin during thoseexperiments.
Undoubtedly,it is a mix of the two, but our successat predicting
the learning trends leads us to believe that the behavior was
dominatedby the kind of statisticallearningthat our model ad-
dresses(see,e.g.,the discussionby Estes,2002).

It is interestingto compareourmodelwith theadaptivenetwork
model(a generalizationof a classof learningmodelsby Gluck &
Bower,1988)thatproducesthesetof resultsfrom theexperiment
of BusemeyerandMyung (1992).We find that the mathematical
form of theadaptivenetworkmodelis similar to thegeneralform
of our model(without thetemporaldiscountingof rewards).Their
modelhasbeenappliedto learningthe relevanceof multiple cues
in acategorizationtask.AndersonandMatessa(1998)showedthat
the kind of utility learningin ACTÐRcanpredict,at leastquali-
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tatively, the resultsfrom Gluck andBowerÕscomplexcategoriza-
tion experimentson cuelearning.

The goodfits to the datafrom the experimentsby Ainslie and
Herrnstein(1981) and Mazur (1985) show that the hyperbolic
discountfunction in the reinforcement-learningmodelprovidesa
gooddescriptionof howdelayedrewardsarediscounted.Although
thesamehyperbolicdiscountfunctionhasbeenusedby Mazurand
others(e.g.,Loewenstein& Prelec,1991),thecurrentform of our
model predicts learning data that cannot be predicted by the
steady-statemodelof Mazur or LoewensteinandPrelec.

The data from Tolman and Honzik (1930) and the maze-
searchingtask have provided further support to the temporal
discountingfunction.In addition,thegoodfits of themodelto the
maze-searchingtaskdatashowthatthetemporaldiscountingfunc-
tion providesgooddescriptionto the learningprocess.The good
fits alsoshowthat the credit-assignmentmechanismin the model
explainshow peoplelearn to choosea sequenceof actionsthat
eventuallyleadsto the rewards.Althoughmanymachinelearning
methodsandtheirpropertieshavebeenpresented(see,e.g.,Sutton
& Barto, 1998) to show how an artificial agentlearnsto choose
amongsequencesof actionsfrom delayedfeedback,noattempthas
beenmadeto studyhow peoplelearnto assigncredit to different
actionsin thesesituations.

Thecumulativeeffectsmodelby Davis,Staddon,Machado,and
Palmer (1993) addressesanimal choice behavior in situations
involving extinction of reinforcement.In one of thesesituations
(Davis & Staddon,1990),the animalfirst receivedreinforcement
from the right alternativefor n sessions,thenreceivedreinforce-
mentfrom the left alternativefor m (wherem & n) sessions,and
then no reinforcementwas given (extinction).During extinction,
the animal beganthe first sessionwith an almostexclusiveleft
preference,but preferenceshifted throughindifferenceto a right
preferenceby the fourth sessionof extinction.Not only doesthe
cumulativeeffectsmodelpredict the spontaneousrecoveryof an
earlier preference(i.e., regression)in extinction, it also predicts
phenomenasuchas the dependenceof learning rate on the fre-
quencyof reversalsof reinforcementandimprovementin learning
speedacrossreversalsof reinforcement,all of which requiresome
ÒmemoriesÓof the past historiesof reinforcement.Davis et al.
showedthata simpleintegratormodel,without separatelykeeping
track of past histories of reinforcement,fails to predict these
phenomena.Becauseour model,in its generalform, is an integra-
tor model,changesneedto bemadeif themodelis to producethe
samebehaviorasthecumulativeeffectsmodelpredicts.Although
it is interestingandimportantto implementin our model,we have
decidednot to put this possibleextensionin this article to avoid
overly complicatingthe basicmodel.

Advantagesof Implementingthe Model in a Production-
SystemFramework

By implementing the learning mechanismunder a general
production-systemframework,successfulmodelswere produced
andreviewedin this article.Our intentionis that themodelcanbe
incorporatedinto a largercognitivearchitecturesuchasACTÐR,
Soar,or Epic. We believethat by putting the choicemechanism
into a largerarchitecture,onecanapplythesameideasto themany
aspectsof recurrentchoicebehaviorthat occur in complextasks,
suchassequencelearning,strategyselection,andproblem-solving
search.This allows the constructionof choice models in more

real-world, complex situations (e.g., the dynamic tasks facing
anti-airwarfarecoordinators).In complex,dynamictasks(Ander-
sonet al., 2004;Fu et al., 2004),a modelof choiceoftenrequires
theintegrationandorchestrationof severalcognitivemechanisms,
andeachof theseis drivenby simplechoices.For instance,choices
arerequiredaboutwhatparticularmemoryelementsareneededat
a particular time, what part of the visual array to attendto, or
which methodto apply to makean edit to a text. We believethat
the advantageof the integrationprovidedby a cognitivearchitec-
ture is the potential to apply the sameinsights to all of these
decisions.
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Appendix

InstructionsGiven to the Participantsin the Maze-SearchingTask

Pleasestudythe following instructionscarefully beforeyou begin.
This is a gamein which you will be askedto makea seriesof choices,

andyouwill bepaidaccordingto howmanycorrectchoicesyoucanmake.
Whenthe taskbegins,you will be situatedin a room with a singleobject
andtwo elements(anelementis eitherÒgold,ÓÒwood,ÓÒwater,Óor ÒfireÓ).
You have to chooseone of the elementsby clicking on its button. The
objectin theroomis uniquelyrelatedto thecorrectelementthroughoutthe
whole experiment.

After you selectan element,you will be taken to anotherroom. The
room will be identical to the first room, exceptthat the object and two
elementsaredifferent.Again,you needto selectanelementby clicking on
its button,which will takeyou to anotherroom,andsoon.Whenyou have
madethreechoices,a window will popup to inform you whetherthethree
choicesyou madeareall corrector not. If all threechoicesarecorrect,you
will beinformedthatyouhavesuccessfullyreachedtheendof thetrial, and
you will receive3 points;anothertrial will thenbegin.On theotherhand,
if oneof the threechoicesyou madeis wrong,you will be informedthat
you havereacheda deadend,and1 point will bedeductedfrom your total
score.Note that in this caseyou will only be informed that you have
reacheda deadend,but you will NOT be told which choice(s)you made
is/arecorrector wrong.

If youdid notsucceed,youmayhavemade1, 2, or 3 wrongchoices(you
will not betold how manywrongchoicesyou havemade).Beforeyou can

finish the trial you will needto geta total of 3 correctchoices.Whenyou
reacha deadend,you needto click the ÒresetÓbuttonso that you canget
a chanceto makethe needednumberof correctchoices.Whenyou reset,
you will be takento anotherroomandyou canmakeanotherchoice.You
will then continueto make choicesuntil (1) you make a total of three
correctchoices,in thatcaseyour trial will finish; or (2) you reachanother
deadendagain,in thatcaseyou needto click ÒresetÓagain.However,you
only needto makea total of threecorrect choicesto finish a trial. For
example,if in the first roundyou makeonecorrectchoiceandtwo wrong
choicesandreacha deadend,after resettingyou only needto maketwo
morecorrectchoicesto reachtheend(or if this time you makeoneor two
wrong choicesyou will reacha deadendagain).

Therewill bea total of 200 trials. In all the trials, all relationsbetween
theobjectin theroomandthecorrectelementwill staythesame.Remem-
beringtherelationsis thereforeusefulfor makingcorrectchoices.You will
bepaid1 centperpoint in your total scorein additionto thebasepayment
of $8. The maximumyou canearnis $15.

If you haveany questions,pleaseaskthe experimenterNOW.

ReceivedAugust29, 2005
RevisionreceivedDecember6, 2005

AcceptedDecember12, 2005 !

206 FU AND ANDERSON


